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Abstract: The present paper studies the large-j asymptotics of the Lorentzian EPRL spinfoam amplitude on a 4d 
simplicial complex with an arbitrary number of simplices. The asymptotics of the spinfoam amplitude is determined 
by the critical configurations. Here we show that, given a critical configuration in general, there exists a partition of 
the simplicial complex into three type of regions 72-Nondog, 72-Dog-A, 72-Dcg-B, where the three regions are simplicial sub- 
complexes with boundaries. The critical configuration implies different types of geometries in different types of regions, 
i.e. (1) the critical configuration restricted into 7?-Nondcg implies a nondegenerate discrete Lorentzian geometry, (2) 
the critical configuration restricted into 72-Dcg-A is degenerate of type-A in our definition of degeneracy, but implies a 
nondegenerate discrete Euclidean geometry in 7?.Dog-A, (3) the critical configuration restricted into 7?-Deg-B is degenerate 
of type-B, and implies a vector geometry in 7^-Deg-B- 

With the critical configuration, we further make a subdivision of the regions 7?-Nondeg and 7?.Deg-A into sub- 
complexes (with boundary) according to their Lorentzian/Euclidean oriented 4-volume V^v) of the 4-simplices, such 
that sgn(V4(u)) is a constant sign on each sub-complex. Then in the each sub-complex, the spinfoam amplitude 
at the critical configuration gives the Regge action in Lorentzian or Euclidean signature respectively in 7?-Nondcg or 
T^Deg-A- The Regge action reproduced here contains a sign prefactor sgn(V4(i>)) related to the oriented 4-volume of 
the 4-simplices. Therefore the Regge action reproduced here can be viewed a discretized Palatini action with on-shell 
connection. 

Finally the asymptotic formula of the spinfoam amplitude is given by a sum of the amplitudes evaluated at all 
possible critical configurations, which are the products of the amplitudes associated to different type of geometries. 
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1 Introduction 

Loop Quantum Gravity (LQG) is an attempt to make a background independent, non-perturbative quantization of 
4-dimensional General Relativity (GR) - for reviews, see [1-3]. It is inspired by the classical formulation of GR as a 
dynamical theory of connections. Starting from this formulation, the kinematics of LQG is well-studied and results in 
a successful kinematical framework (see the corresponding chapters in the books [1]), which is also unique in a certain 
sense. However, the framework of the dynamics in LQG is still largely open so far. There are two main approaches 
to the dynamics of LQG, they are (1) the Operator formalism of LQG, which follows the spirit of Dirac quantization 
or reduced phase space quantization of constrained dynamical system, and performs a canonical quantization of GR 
[4]; (2) the covariant formulation of LQG, which is currently understood in terms of the Spinfoam Models [3, 5-8]. 
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The relation between these two approaches is well- understood in the case of 3d quantum gravity [9], while in 4d the 
situation is much more complicated and there are some recent attempts [10] for relating these two approaches. 

The present article is concerning the spinfoam approach of LQG. The current spinfoam models for quantum 
gravity are mostly inspired by the 4-dimensional Plebanski formulation of GR [11] (or Plebanski-Holst formulation 
by including the Barbero-Immirzi parameter 7), which is a BF theory constrained by the condition that the B field 
should be "simple" i.e. there is a tetrad field e 1 such that B = *(e A e). Currently one of the successful spinfoam 
models is the EPRL model defined in [6], whose implementation of simplicity constraint is understood in the sense 
of [12]. The EPRL vertex amplitude is shown to reproduce the classical discrete GR in the large-j asymptotics [13]. 
Recently, The fermion coupling is included in the framework of EPRL spinfoam model [14], and a q-deformed EPRL 
spinfoam model is defined and gives discrete GR with cosmological constant in the large-j asymptotics [15, 16]. 

The semiclassical behavior of spinfoam model is currently understood in terms of the large-j asymptotics of the 
spinfoam amplitude, i.e. if we consider a spinfoam model as a state-sum 



where is a measure, we are investigating the asymptotic behavior of the (partial-) amplitude Aj. as all the 

spins jf are taken to be large uniformly. The area spectrum in LQG is given approximately by Af = jjfip, so the 
semiclassical limit of spinfoam models is argued to be achieved by taking £^ — > while keeping the area Af fixed, 
which results in jf — > 00 uniformly as 7 is a fixed Barbero-Immirzi parameter. There is another argument relating 
the large-j asymptotics of the spinfoam amplitude to the semiclassical limit, by imposing the semiclassical boundary 
state to the vertex amplitude [17]. Mathematically the asymptotic problem is posed by making a uniform scaling for 
the spins jf 1— > Xjf, and studying the asymptotic behavior of the amplitude A\j f (JC) as A — > 00. 

There were various investigations for the large-j asymptotics of the spinfoam models. The asymptotics of the 
Barrett-Crane vertex amplitude (lOj-symbol) was studied in [18], which showed that the degenerate configurations in 
Barrett-Crane model were nonoscillatory, but dominant. The large-j asymptotics of the FK model was studied in [19], 
concerning the nondegenerate Riemanian geometry, in the case of a simplicial manifold without boundary. The large-j 
asymptotics of the EPRL model was initially investigated in [13] for both Euclidean and Lorentzian cases, where the 
analysis concerned a single 4-simplex amplitude (EPRL vertex amplitude). It was shown that the asymptotics of the 
vertex amplitude is mainly a Cosine of the Regge action in a 4-simplex if the boundary data admits a nondegenerate 
4-simplex geometry, and the asymptotics is non-oscillatory if the boundary data doesn't admit a nondegenerate 4- 
simplex geometry. There were also recent works to find the Regge gravity from the Euclidean/Lorentzian spinfoam 
amplitude on a simplicial complex via a certain "double scaling limit" [20] . 

The present work analyzes the large-j asymptotic analysis of the Lorentzian EPRL spinfoam amplitude to the 
general situation of a 4d simplicial manifold with or without boundary, with an arbitrary number of simplices. The 
analysis for the Euclidean EPRL model is presented in [21]. The asymptotics of the spinfoam amplitude is determined 
by the critical configurations of the "spinfoam action" , and is given by a sum of the amplitudes evaluated at the 
critical configurations. Therefore the large-j asymptotics is clarified once we find all the critical configurations and 
clarify their geometrical implications. Here for the Lorentzian EPRL spinfoam amplitude, a critical configuration 
in general is given by the data (j /, g V e,£,ef, z v f) that solves the critical point equations, where jf is an SU(2) spin 
assigned to each triangle, g ve is an SL(2, C) group variable, and £ e /, %vf are two types of spinors. Here in this work we 
show that given a general critical configuration, there exists a partition of the simplicial complex JC into three types of 
regions 7?.Nondcg, 7^-Dcg-A, ^Deg-B, where the three regions are simplicial sub-complexes with boundaries, and they may 
be disconnected regions. The critical configuration implies different types of geometries in different types of regions: 

• The critical configuration restricted into 7?.Nondcg is nondegenerate in our definition of degeneracy. It implies a 
nondegenerate discrete Lorentzian geometry on the simplicial sub-complex 7?.Nondog- 




(1.1) 
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• The critical configuration restricted into 7?-Dcg-A is degenerate of type- A in our definition of degeneracy. However, 
it implies a nondegenerate discrete Euclidean geometry on the simplicial sub-complex 7?-Deg-A 

• The critical configuration restricted into 7?-Dog-B is degenerate of type-B in our definition of degeneracy. It implies 
a vector geometry on the simplicial sub-complex 7?.Dcg-B 

With the critical configuration, we further make a subdivision of the regions 72.Nondcg and 7?.Deg-A into sub- 
complexes (with boundary) /Ci(72.*), • • • , K, n (H*) (*=Nondeg,Deg-A) according to their Lorentzian/Euclidean oriented 
4- volume V±{v) of the 4-simplices, such that sgn(V4(w)) is a constant sign on each K,i(lZ*). Then in the each sub- 
complex /Ci(7?-Nondeg) or ICi (72-Dog-A) i the spinfoam amplitude at the critical configuration gives an exponential of Regge 
action in Lorentzian or Euclidean signature respectively. However we emphasize that the Regge action reproduced 
here contains a sign factor sgn(V4(w)) related to the oriented 4- volume of the 4-simplices, i.e. 

S = sgn(V 4 ) £ A f Q f + S ga(V 4 ) ]T A f Gf (1.2) 

Internal / Boundary / 

where Af is the area of the triangle / and 9 / , Qj are deficit angle and dihedral angle respectively. Recall that 
the Regge action without sgn(V^) is a discretization of Einstein-Hilbert action of GR. Therefore the Regge action 
reproduced here is actually a discretized Palatini action with the on-shell connection (compatible with the tetrad). 

The asymptotic formula of the spinfoam amplitude is given by a sum of the amplitudes evaluated at all possible 
critical configurations, which are the products of the amplitudes associated to different type of geometries. 

Additionally, we also show in Section 6 that given a spinfoam amplitude Aj. (JC) with the spin configuration 
jf, any pair of the non-degenerate critical configurations associated with jt are related each other by a local parity 
transformation. The parity transformation is the one studied in [13] in the case of a single 4-simplex. A similar 
result holds for any pair of the degenerate configuration of type-A associated with jf , since it implies a nondegenerate 
Euclidean geometry. 

2 Lorentzian Spinfoam Amplitude 

Given a simplicial complex K, (with or without boundary) , the Lorentzian spinfoam amplitude on K. can be expressed 
in the coherent state representation: 

A W = EIl^/) II / *9ve II / d? W H(3f>t*f\Y*gev9ve>Y\jf,&f) (2.1) 

jf / (,,e) JSL ( 2 < C ) (e,f) JS2 vef 

Here (J>(Jf) is the face amplitude of the spinfoam, given by (i(jf) = (2jf + 1). \jf,£ e 'f) is an SU(2) coherent state 
in the Spin-j representation. The coherent state is labeled by the spin j and a normalized 2-component spinor 
|£e/) = ff(Ce/)||i h) ( n ef € SU(2)), while h e f := g(£ e f) > £ is a unit 3-vector. Y is an embedding map from the Spin-j 
irrep W of SU(2) to the unitary irrep f SL(2, C) with (k,p) = (j, -yj). The embedding Y identify W with the 

lowest level in the decomposition %0>f-?) = ®^_^H k . Therefore we define an SL(2, C) coherent state by the embedding 

l(j/,7J/);j/,£ e /) := Y \j f ,& f ) = II ' " (jULj;) \Uf,Wf);3f,3f) • (2-2) 

In order to write the ^0/>w) inner product in Eq.(2.1) explicitly, we express the SL(2,C) coherent state in terms 
of the canonical basis [22]. The Hilbert space T-L^-^ can be represented as a space of homogeneous functions of two 
complex variables (z°, z 1 ) with degree (— 1 + ip + k; — I + ip — k), i.e. 

f{\z a ) = A - 1 +^+ fe A- 1 + l f-' £ /( z «) (2.3) 

Given a normalized 2-component spinor z a (a — 0, 1) with (z, z) := b a aZ a z a — 1, we construct the SU(2) matrix 

/ z° -z 1 \ 

9W=[ e x -o j (2-4) 
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where J(z°,z 1 ) t := (— z^z )*. The canonical basis f^z)^'^ = \(k,p); j,m) in the SL(2,C) unitary irrep %( fc > p ) is 
given by the following when restricted to the normalized spinors 



where D J mk (g) is the SU(2) representation matrix. The canonical basis /^(z)^'^ evaluated on the non-normalized 
spinor z a is then given by the homogeneity 



£ (Z) <M = y^UZ^,)-- 1 "^^^)) (2.6) 

while here -D^ nfe (g(z)j is a analytic continuation of the SU(2) representation matrix. Thus we can write down explicitly 
the highest weight state in the j-representation and in the case of (k,p) = (j,jj) 



Therefore the coherent state is given explicitly by 



Uij);j,0 = f((z)^ j) = fi (gitfz) ' = V^r 1 {z ' z)ilj ' ' M * (2.8) 

As a result we can write down explicitly the inner product in Eq.(2.1) in terms of a L 2 inner product on CP 1 between 
the coherent states J ) 

(?Me/ \ Y*g e vgve>Y\jf,€e>f) = (0 f ,13 f)i 3 f , tef\9ev9ve'\(j > ,13 »5 3 f , fe' /) 

rt ^//&' 7J>) (^^/)4!f; 7i/) (flk*/) (2.9) 

where il z = | (zotfei — zidzg) A (zodzi — zidzo) is a homogeneous measure on C 2 . 

We insert the result Eq.(2.9) back into Eq.(2.1) and define a new spinor variable Z ve f and a measure on CP 1 (a 
scaling invariant measure) 



Zvef '■— 9ve z vf 

Q 

{Zvef, Z ve f) (Z ve 'f, Z ve > /) 

Then the spinfoam amplitude A(IC) can be written as 



n vf := — — ^ c (2.10) 



3} f (v,e) JSL( - 2 ^'> (ej) 00 ' vedf 

where we have a "spinfoam action" S — ^#5/ and 



- 2^ 6 »/ - ■?/ ln 7^ — 7 — vp7 — 7 — \ + njf ln ~i7 — 7 — r • ^- l2 > 

\^vef, ^vef) \^ve'f, A)e'// {^vefi^vef) I 



t ^(£ef,Zvef) (Zve'f, £e'f) L _ lv> (Z ve 'f, Z ve > f) 

v£f v£f 

In this paper we consider the large-j regime of the spinfoam amplitude A(K). Concretely, we define the partial- 
amplitude 

A jf (K) := J] / d 3 „ e J] / dn e/ JJ / (^&W) e S (2.13) 

A vc) = eii^o/wc) 

if / 

and consider the regime in the sum Y]^ where all the spins jf are large. In this regime, the spinfoam amplitude is 
a sum over the asymptotics of partial amplitude Aj(K) with large spins jf. In the following, we study the large-j 
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asymptotics of the partial-amplitudes Aj f (JC) by making the uniform scaling jf i— > Xjf and taking the limit A — > oo. 
Each face action Sf XSf scales linearly with A, so we can use the generalized stationary phase approximation [23] 
to study the asymptotical behavior of Aj f (JC) in large-j regime. 

Before coming to the asymptotic analysis, we note that in all the following discussions, we only consider the spin 
configurations such that X)/ct e fjf ^ ^ w hh £/ = ±1 for all e. Therefore the geometric tetrahedron with the oriented 
area jfh e f, f C t e is always assumed to be nondegenerate. 

2.1 Derivation of Critical Point Equations 

We use the generalized stationary phase method to study the large-j asymptotics of the above spinfoam amplitude. 
The spinfoam amplitude have been reduced to the following type of integral: 

/(A) = f dx a(x) e xs{x) (2.14) 

J D 

where D is a closed manifold, S{x) and a(x) are smooth, complex valued functions, and ReS 1 < (this will be shown 
in the following for the spinfoam amplitude) . For large parameter A the dominant contributions for the above integral 
comes from the critical points x c , which are the stationary point of S(x) and satisfy ReS(x c ) — 0. The asymptotic 
behavior of the above integral for large A is given by 



/0_\ 2° ilndH'(x c ) 

/(A) = Y a(x c ) ( ^ ) e AS ^> 



l + o(i) 



(2.15) 



for isolated critical points, where r(x c ) is the rank of the Hessian matrix Hij(x c ) = didjS{x c ) at a critical point, and 
H'{x c ) is the invertible restriction on kerif(x c ) ± . When the critical points are not isolated, the above J2 X ^ s replaced 
by a integral over a submanifold of critical points. If the S(x) doesn't have any critical point /(A) decreases faster 
than any power of A -1 . From the above asymptotic formula, we see that the asymptotics of the spinfoam amplitude 
is clarified by finding all the critical points of the action and evaluating the integrand at each critical point. 

In order to find the critical points of the spinfoam action, first of all, we show that the spinfoam action S satisfies 
ReS 1 < 0. For each S v f, by using the Cauchy-Schwarz inequality 

p „ c „• l„ \ (€ef,Z vef )\ 2 \(Z vel f,£ el f)\ 2 (ge/,gej) (Z ve f,Z ve f) (£ e '/,g e '/) (Z ve , f , Z ve , f) 

Re\,/=J/ln— — — ^<j/ln — — — , <0 (2.16) 



Therefore 



ReS" = *y ReS v f < (2.17) 

f,v 



From ReS* = 0, we obtain the following equations 



e i<P<!v e i<t> c 



^ e f ~ Yv V\ Zve f' and ^ e 'f = "ip? V\ Zve 'f ( 2 - 18 ) 

1/2 

where ||Z ue ^|| = \{Z ve f, Z ve t)\ . If we define <p eV e f — 0ev — 4>e'v, the above equation results in that 
Here we use the property of anti-linear map J 

J 9 J' 1 = (g^Y 1 (2-20) 

to Eq.(2.19), we find 

9ve (JHef) = l ]^4e-^'g ve , (J& f ) (2.21) 

\\ Z vef\\ 
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Now we compute the derivative of the action S on the variables z v f, £ e f, g ve to find the staionary point of S. We first 
consider the derivative with respect to the CP 1 variable z v f. Given a spinor z a = (zq, Zi)*, z a and (Jz) a — {—Z\, Zq) 
is a basis of the space C 2 of 2-component spinors. The following variation can be written in general by 

Sz a =e(Jz) a +ujz a (2.22) 

where e,cj are complex number. Since z £ CP 1 , we can choose a partial gauge fixing that (z,z) = 1, which gives 
(Sz,z) = — (z,Sz). Thus we obtain w = ir\ with a real number rj. Moreover if we choose the variation with e — 0, it 
leads to 5z a = ir\z a , which gives rj — for z € CP 1 . Using the variation 8z" f = e v f(Jz v f) a and Sz^ — e v f(Jz v f) a , 
we obtain that 



— S Zvf S v f 

$z v t (Zve 1 f > Z ve i f) 5 Zvf (Z ve f , Z ve f) 



i 2^ Zvf (^ e f'Zvef) _|_2 < ^ 2 " / ^ ve 'f^ e '^ ^ z "/ (Zvef i Zvef) &z v j (Zve'f\Z ve tfj 

' f) (Zvef i e/) (Z V e'f,Z ve 'f) 



+113 f' 



Of 



(Zve'fi Z ve 'f) (Z ve f,Z ve f) 

£ yf {Zef,gj e Jzvf) S v f(gl e ,Jz vf ,^ e : f ) _ e v f{gj e Jz v f,Z vef ) _ e vf (Z ve , f ,gl e ,Jz vf ) 

(£ef>Z ve f) (Zve'fi^e'f) (Z ve f,Z ve f) (Z ve / f , Z ve t f) 



. (£vf(Z ve 'f,g ve iJz v f)+E v f(g ve ,Jz v f,Z ve >f) e vf (Z vef ,gl e Jz vf ) + e vf (gl e Jz vf ,Z vef )\ 
+ilJf 7^ 7 r 7^ 7 — r (2-23) 

\ \^ve'f,^ve'f) [^vefi^vef) J 



Using Eq.(2.18), we obtain the following equation 



(Jz v f,9ve£ef) = !!y Vef l {J Zvf, 9ve>te>f) 

\\ Z ve'f\\ 



(2.24) 



Also from Eq.(2.18), because of (£ e /,£ e /) = (£e'/,£e'/) = 1 



(z vf , 9 Uef) = Jf^e^-' (*vf,9ve>&f) (2-25) 

W^ve'fW 



Therefore since z a and (Jz) a is a basis of the space C 2 of 2-component spinors, 

gvetef = J^le^^w^/ (2-26) 

We consider the variation with respect to £ e /. Since the spinor £ e f is normalized, we should use <5£"j = w e /(»/£e/) a + 
irjef^ef f° r complex infinitesimal parameter ui € C and r/ G M. The variation of the action vanishes automatically 

s s = ■ ( 2 6 J±l (^f> Zve f) | 2 S ^f (Zv'ef'Zef) \ = - f 2 ^ef (J£ e f,Z vef ) | ^ Ue/ (Z v , e f,J£ e f) 
V (£ef>Z ve f) (Z v > e f,£ e f) J \ (£ e f,Z ve f} (Zv'efiief) 

= (2.27) 

by using Eq.(2.18) and the identity (J£ e f,£ef) = 0. 

Finally we consider the stationary point for the group variables g ve . We parameterize the group with the parameter 
9u around a saddle point g ve , i.e. g' ve — g V eZ~ %9ljJ , where J IJ is the generator of the Lie algebra s^C. Then we 
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have 



= 



dSvf I 
d6 v j e j \e- 

E 

/ incoming e _ 



if 2 



Z V ef, iJ IJ ^Z ve f^ 



+ilif 



(£ef,Z ve f) (Z ve f,Z ve f) 

(iJ IJ ^ 'Z ve f,Z ve fj + (Z ve f ,iJ IJ ^ Z ve f) 



+ E 

/ outgoing e . 



if 2 



{Z ve f,Z ve f) 

(ij 1 * Z ve f , £ e /) {iJ IJi< Z ve f,Z ve f) + (Z ve f ,iJ IJ ^ Z ve f) 



(Z ve f,£ e f) 



(Z ve f, Z ve f) 



(iJ IJ ^ Z ve f , Z ve f) + (Z ve f ,iJ IJJ * Z ve f) 



{Zvef, Z ve f) 



(2.28) 



We again apply Eq.(2.18) and find 



= E ((tef,lJ IJf (ef) + {Uf,ij"Uf))+il3f ~ (tef , iJ^Zef))] 

f incoming e 

+ E [if (-(tef,lJ IJ tef) ~ (t B f,ij"%f)) + HJf (" (Hef , ij* ^ef ) + 

/ outgoing e 
4 

= [if ((Zef,tJ IJ Hef) + (Zef,iJ IJ Zef))+ijif ~ iJ IJ %j))] (2-29) 

feu 



where s e f(v) = ±1 is determined (up to a global sign) by the following relations 

£ ef(v) = -£ e '/(u) and e e /(w) = —e e f(t/) 



(2.30) 



for the triangle / shared by the tetrahedra t e and t e ' in the 4-simplex a v , and the dual edge e = (v, v'). As usual we can 
rewrite Lorentz Lie algebra generator J I,J in terms of rotation part J and boost part K where where Ji = sCoy/siT) 
= —ij® 1 - In the Spin-| representation, the rotation generators J = %a and the boost generators K = \<j. Recall 
that 



(€|<?IO = fte with ^ = (€°f + -^y + ^-e 1 ^ 



we have 



£ef,J£,ef 



Using the above relations, Eq.(2.29) results in the closure condition 

4 

E £ ef( V )if™ef = 0. 

/Cta 

Thus we finish the derivation of all the critical point equations. 
2.2 Analysis of Critical Point Equations 

We summarize the critical point equations for a spinfoam configuration (jf,g e v,£,ef,z v f) 

\ Z ve'f\\ 



(2.31) 

(2.32) 
(2.33) 

(2.34) 



9ve (Aef) 
9ve£,ef 



\\Zvef\\ 
\\Zvef\\ 
\\Z ve >f\\ 



= E £ ef(. V )ifnef 

feu 



(2.35) 
(2.36) 

(2.37) 
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where Eq.(2.37) stands for the closure condition for each tetrahedron. £ e /(u) is the sign factor coming from the 
variation with respect to g ev . It is determined (up to a global sign) by the following relations 



s e f{v) = -e e > f (v) and s ef (v) = -e ef (v') 



(2.38) 



for the triangle / shared by the tetrahedra t e and t e > in the 4-simplex a v , and the dual edge e = (v, v'). 

In the following, we show that Eqs.(2.35) and (2.36) give the parallel transportation condition of the bivectors. 
Given a spinor £ Q , it naturally constructs a null vector £ Q £ Q = i(£) 7 af a where 07 = (1,<?). It is straight-forward to 
check that 



ti= i(i + s ■ n c ) with % = + - - e?)y + (z ? - e?)z 

fi£ is a unit 3-vector since £ is a normalized spinor. Thus we obtain that 

t (0 7 = ^(M«) 

Similarly for the spinor J£, we define the null vector J£ Q J£ a = i(J£) af a and obtain that 

<J£) J = ^(l,-n c ) 
We can write Eqs.(2.35) and (2.36) in their Spin-1 representation 



See t(J€ef) 



\ Z ve'f\ 
\\Z V ef\\ 



9ve> i>(J£e'f) and g ve i(£ e /) 



Sue/ 1 



?we' L (£,e'f) 



ve'f\ 



(2.39) 



(2.40) 



(2.41) 



(2.42) 



It is obvious that if we construct a bivector 1 



13 



X e f satisfies the parallel transportation condition within a 4-simplex 

iSve) 1 k{'9vc) J L X ^f L = (gve') 1 if(<7ue')" L^e'/ ■ 

We define the bivector located at each vertex u of the dual face / by the parallel transportation 



(2.43) 



(2.44) 



(2.45) 



which is independent of the choice of e by the above parallel transportation condition. Then we have the parallel 
transportation relation of Xj J (v) 



Xj J (v) = {g vvi y K {g vv .) J L Xf L {v') 



(2.46) 



because the spinor £ e j belonging to the tetrahedron t e is shared as the boundary data by two neighboring 4-simplex. 
On the other hand, we can write the bivector XH as a matrix: 



yU 



I yH\ 

| A e/ I 



27J/ 










"If 




\ 




-K f 




























V 













/ 



1 yJJ 

n e/ /J 



27J/ 



(2.47) 



x the pre-factor is a convention for simplifying the notation in the following discussion. 
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However the matrix (X e fY j = X^¥rjKj read 



X, 



ef 



(X, 



ef) J 



2 13f 



( o 


h ef 




"If 


\ 




























Ue/ 











/ 



(2.48) 



where ii" denotes the boost generator of Lorentz Lie algebra s^C in the Spin-1 representation. The rotation generator 
in st2C is denoted by J. The generators in s^C satisfies the commutation relations [J 1 , «7 J '] = —e^J, [J l ,K^\ = 
—e^K, [K l ,K : >] = e % i k J k . The relation X e / = 2 r )jfh e f ■ K gives a representation of the bivector in terms of the 
s(2C lie algebra generators. Moreover it is not difficult to verify that in the Spin-| representation J = |cr and K = |<7. 
Thus in Spin-^ representation 



X ef = 13 fS ■ h ef 



(2.49) 



For this s^C Lie algebra representation of the bivector X e f, the parallel transportation is represented by the adjoint 
action of the Lie group on its Lie algebra. Therefore we have 



g ve X e fg ev — g ve iX e >fg e , Vl Xf(v) := g ve X e fg ev , Xf(v) := g vv /Xf(v )g v > v 



(2.50) 



where g ve = gev,g V 'v — g^v" We note that the above equations are valid for all the representations of SL(2,C). 

There is the duality map acting on s[ 2 C by *J = —K. *K = J. For self-dual/anti-self-dual bivector T ± := 
|(J± iK), One can verify that *T± = ±iT±. In the Spin-1 representation (bivector representation), the duality map 
is represented by *X IJ = \e ijkl Xkl- In the Spin-^ representation, the duality map is represented by *X = iX 
since J = |c? and K — |er in the Spin-| representation. From Eq.(2.48), we see that 

X ef = -* (2jj f h ef ■ J) (2.51) 

From its bivector representation one can see that 

mju 1 *X J e f = 0, u 1 = (1, 0, 0, 0). (2.52) 

It motivates us to define a unit vector at each vertex v for each tetrahedron t e by 

N T e (v) := (g ve YjU J (2.53) 

Then for all triangles / in the tetrahedron t e , N£ (v) is orthogonal to all the bivectors *Xf(v) with / belonging to t e . 

r)ijN*(v) *Xj K {v) = 0. (2.54) 

In addition, from the closure constraint Eq.(2.37), we obtain for each tetrahedron t e 

]T £ e f(v)Xf(v) = 0. (2.55) 

/Cie 

We summarize the above analysis of the critical point equations Eqs.(2.35), (2.36), and (2.37) into the following 
proposition: 

Proposition 2.1. Given the data (jf-,g e v,£,ef,z v f) be a spinfoam configuration that solves the critical point equations 
Eqs.(2.35), (2.36), and (2.37), we construct the bivector variables (in the s^C Lie algebra representation) for the 
spinfoam amplitude X ef = - *(2jj f n ef ■ J) and X ef (v) := g ve X ef g ev , where \X ef (v)\ = y^tr (X ef (v)X ef (v)) = 2jj f . 
The critical point equations implies the following equations for the bivector variables 



X ef (v) = X e 'f(v) = Xf(v), X f (v) := g V v>X f (v')g v > v , 
mj Nl{v) *Xj K (v) = 0, £ ef(v)X f (v) = 0. 



(2.56) 



fCte 



- 9 - 



where t e and t e > are two different tetrahedra of a 4-simplex dual to v, f is a triangle shared by the two tetrahedra t e 
and t e i , and N\(v) = {g ve Y jU J with u J = (1,0,0,0) is a unit vector associated with the tetrahedron t e . s e f(y) is a 
sign factor determined (up to a global sign) by the following relations 

£ ef(v) = -s e >f(v) and e ef (v) = -e e f(v') (2.57) 

for the triangle f shared by the tetrahedra t e and t e < in the 4-simplex o~ v , and the dual edge e = (v, v'). 

3 Nondegenerate Geometry on a Simplicial Complex 
3.1 Discrete Bulk Geometry 

In order to relate the spinfoam configurations solving the critical point equations with the a discrete Regge geometry, 
here we introduce the classical geometric variables for the discrete Lorentzian geometry on a 4-manifold [19, 24]. 

Given a simplicial complex K, triangulating the 4-manifold M. with Lorentzian metric g^„, we associate each 
4-simplex a v (dual to the vertex v) a reference frame. In this reference frame the vertices [p\(v), ■ ■ ■ ,p§(v)] of the 
4-simplex a v have the coordinates 

Pi (v) = {xi(v)} l=1 ,, 5 (3.1) 

Consider another 4-simplcx o v * neighboring o~ v , there is an edge e connecting v and v' ', and there is a tetrahedron 
t e shared by a v ,a v > with vertices [p2(u),--- ,P5{v)] = \pi{v'),--- ,ps(w')]. Then it is possible to associate the edge 
e = (v,v') uniquely an element of Poincare group {(fi e ) J j, (r2 e ) 7 }, such that for the vertices P2, ■ • • ,Ps of t e 

(fi e ) tjxfiv') + (n e Y = xf (v) » = 2,..., 5 (3.2) 

Here the matrix (Q e ) j describes the change of the reference frames in a v and oy, while (r2 e ) 7 describes the trans- 
portation of the frame origins from o~ v to ev • We assume the triangulation is orientable, and we choose the reference 
frames in a v , a v > in such a way that fl e £ SO(l,3). 

We focus on a 4-simplex o~ v whose center is the vertex v. For each oriented edge t = [pi(y) 7 pj(v)] in the 4-simplex, 
we associate an edge vector Ej,(v) = x\ (v) — Xj(v). Thus under the change of reference frame from a v to o v * 

(Sl e )jEt (v 1 ) = Et(v) V ldt e (3.3) 

In this paper we assume all the edge vectors Ef(v) are spatial in the sense of the flat metric r/jj — diag(— 1, 1, 1, 1). It 
is straight-forward to check from the definition that the edge vectors E\ (v) satisfies: 

• if we reverse the orientation of t, then 

El t {v) = -E\{v\ (3.4) 

• for all triangle / in the simplex a v with edge ^1,^2,^3, the vectors Ej(v) close, i.e. 

E I h (v)+El(v)+El(v) = (3.5) 
The set of Ej(v) at v satisfying Eqs.(3.4) and (3.5) is called a co-frame at the vertex v. 

• Moreover given a tetrahedron t shared by two 4-simplices a v , a v > , for all pair of edges t\,li of the tetrahedron, 
we further require that 

rjuEl {v)Ei (v) = mj El (v')E'l («') (3.6) 



- 10 - 



Definition 3.1. The collection of the vectors Ei(v) satisfying Eqs.(3.4), (3.5), and (3.6) at all the vertices is called 
a co-frame on the simplicial complex /C. The discrete (spatial) metric on the each tetrahedron t induced from g^ v is 
given by 

g tA (v)= VlJ E I ei (v)El(v) (3.7) 
which is actually independent of v because of Eq.(3.6). 

We assume the co-frame E\ (y) is nondegenerate, i.e. for each 4-simplex a v , the set of Ej(v) with £ c da v spans 
a 4-dimensional vector space. 

An edge I can be denoted by its end-points, say pi,P2, i-e. I — [p\,p2\- There are 5 vertices pi,i — 1, • • • ,5 for 
a 4-simplex a v . Then each pi is one-to-one corresponding to a tetrahedron t ei of the 4-simplex a v . Therefore we can 
denote the edge £ = \p\-,Pi\ also by £ = (e\, e-z), once a 4-simplex a v is specified. Thus we can also write the co-frame 
Ej(v) at the vertex v by E^ e2 (v). In this notation, for example Eqs.(3.4) and (3.5) become 

<e 2 («) = -El 2ei (v), Ei ie2 (v) + Ei 2e3 (v) + Ei 3ei (v) = 0. (3.8) 

In the following we use both of the notations, according to the convenience by the context. 

Lemma 3.1. Given a co-frame Ej(v) on the triangulation, it determines uniquely an SO(l,3) matrix (fl e ) I j associated 
to each edge e — (v, v') such that for all the edge of the tetrahedron t e shared by o~ v and a v > 

{Q ie ) I J Ef{v') = El(v) V£ct e (3.9) 

We can associate a reference frame in each 4-simplex such that SO(l,3) matrix (f2 e ) j changing the frame from a v to 
a v i. 

Proof: Given a tetrahedron t e shared by two 4-simplices o~ v ,o~ v r, we consider the relation between the co-frame 
vectors E\ (v) at the vertex v and Ej(v') at v' , for all 6 edges I of the tetrahedron t e . The spatial vectors Ej(v) £ C t e 
spans a 3-dimensional subspace, and the same holds for E\ (v 1 ). We choose the time-like unit normal vectors U(v) and 
U(v') orthogonal to Ej(v) and Ej(v') respectively, and require that 

sgndet (£,>),£,>), £,>),£/(«)) = sgndet (e 1x (v r ), E l2 {v'), E ta (v'),U(v')) (3.10) 

where Eg 1 (v), Ei 2 (v), Eg 3 (v) form a basis in the 3-dimensional subspace spanned by Ej(v) £ C t e . From Eq.(3.10), 
Eq.(3.6) and E h (v) ■ U(v) = E u {v') ■ U(v') = 0, i = 1, 2,3, an SO(l,3) matrix n e is determined by 

(n e YjEl(v')=El(v) (Q e ) I J U J (v') = U I (v). (3.11) 

Suppose there are two SO(l,3) matrices il e ,£l' e satisfying 

{^YjEKv') = El(v) WjEKv') = Ei(v) (3.12) 

we then have tt e = Q' e . 

We choose a numbering [pi, ■ ■ ■ ,p$] of the vertices of a v , a v > such that [p2{v), ■ ■ ■ ,ps(ti)] = [p2(v'), ■ ■ ■ ,p§{v')] are 
the vertices of the tetrahedron t e . Two reference frame in the 4-simplices a v ,a v > are specified by the coordinates 
{<e>). <e>),E£ ei and {Ei 2ei (v'),Ei 3ei (v'),Ei iei (v'),Ei 5ei (v')} by defining xfrv) := E^v) 
and similar for Xj(v f ). Since 

■^e2&i — ^6265 -^e\e^-) ^e^e± — -^e^e*, -^e\e^i ^e^e\ — ^e^e^ -^e\e^ (3.13) 



- 11 - 



and there exists a unique (fie) 1 ,/ G S0(l,3) that Eg. e .(w) = (i} e ) I jEj,. e . («'), i,j = 2, ••• ,5, we can relate the 

coordinates {^(^.^(t;),^^),^^)} and Bl (l/), -E£, ei (v 1 ), E 1 ^ {v'),E^ ei (v 1 )} in two different 4- 
simplices by 

<e,(«) (3-14) 

The coordinates of p2, ■ ■ 1 iP5 are given by 2^(i>) := -Bg ei (v) with respective the reference frame in <r„, thus the Poincare 
transformation relating two reference frames are given by an SO(l,3) matrix and a translation |(fi e ) Z j, (fie) 7 }, where 
the translation vector (fie) 1 is given by 

(n e y := (O e )^ e J ie >') - < e » (3.15) 

□ 



Ei 2ei (v) = {n e y jEi 2ei {v') + (^eYjEi ie5 (v') - 

Ei 3ei (v) = {n e y jEl 3ei {v') + {^eYjE J eie5 {v') - 

El iei {v) = (ft e )Xe 1 («') + (fie)Xe s K)- 

Ei sei (v) = {n e y jELM) + {VeY jE J eieb {v') - 



The orientation of a 4-simplex a v is represented by an ordering of its 5 vertices, i.e. a tuple [pi, • • • ,Pb\- Two 
orientations are opposite to each other if the two orderings are related by an odd permutation, e.g. \pi,P2, • • • ,Ps] = 
— [p2,Pi • • • jP5]- We say that two neighboring 4-simplices a, a' are consistently oriented, if the orientation of their 
shared tetrahedron t induced from a is opposite to the orientation induced from a'. For example, a = \pi,p2, • • • ,Pz] 
and a' = — \p'i,P2,--- ,Ps] are consistently oriented since the opposite orientations t = ±[p2,--- are induced 
respectively from a and a' . The simplicial complex K, is said to be orientable if it is possible to orient consistently all 
pair of neighboring 4-simplices. Such a choice of consistent 4-simplex orientations is called a global orientation. We 
assume we define a global orientation of the triangulation K. Then for each 4-simplex <j v = [p\,p2, ■ ■ ■ ,f>s], we define 
an oriented volume (assumed to be nonvanishing as the nondegeneracy) 

V A {v) := det (E e2ei {v),E eaei (v),E e4Cl (v),E Btai («)) (3.16) 

In general the oriented 4- volume Vi(v) can be positive or negative for different 4-simplices. 

Definition 3.2. Given two neighboring 4-simplices o~ v and o~ v > , if their oriented volumes are both positive or both 
negative, i.e. sgn(V4(w)) = sgn(Vi(v')). The SO(l,3) matrix (fl e ) I j, e = (v,v') is the discrete spin connection 
compatible with Ee(v) 1 . 

For each vertex v and a dual edge e connecting v, we define a time-like vector U e (v) at the vertex v by (choosing 
any j ^ k, the definition is independent of the choice of j by Eqs.(3.4) and (3.5)) 

U? (v) := E £ jklmn eiJKLEi ej (v)E^ ej (t,)i£ oj («) (3.17) 

l,m,n 

In total there are 5 vectors U e (v) at each vertex v. Using Eq.(3.4) and (3.5), one can show that 

U e /(v)Ei kei (v) = Sjk-S j i (3.18) 

Thus we call the collection of U e (v) a discrete frame since E eie2 (v) is called a discrete co-frame. Moreover from this 
equation we see that U^{v) is a vector at v normal to the tetrahedron t e . If we sum over all 5 frame vectors U e (v) at 
v in Eq.(3.18) 

5 5 5 

E u j m = E - E s * = v e *> e < ( 3 - 19 ) 

3=1 1 = 1 3=1 
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which shows the closure of U e (v) at each vertex v, i.e. 

5 

£l7 e (T>) = (3.20) 

e=l 

by the nondegenercy of E ee >(v). Eq.(3.20) shows that the 5 vectors U e (v) are all out-pointing or all in-pointing normal 
vectors to the tetrahedra. Also following from Eq.(3.18) (fix I = 1 and let j = 2, 3, 4, 5), we have that the 4x4 matrix 
(C/ e2 (w),f7 e3 (u),f/ e4 (w),C/ e5 (t;))* is the inverse of the matrix {E e . 2ei (v), E e3£l (v), E £4Cl (v), E e5£l (v)). Therefore 

1 



Vi(v) 



det 



(u e2 (v), U e3 (v), U ei (v), U e5 {v)^j . (3.21) 



It implies k, I = 2, 3, 4, 5) 



Vi{v)e IJKL U^{v)uy{v)U^{v)U^{v) = e ijkl 

V±(v)e ijM U? {v)uy (v)U e K k (v)U e L l (v) = e IJKL (3.22) 

where the above e^u — £ l -* kl , £ijkl — e IJKL are all Levi-Civita symbols. Then using the fact that the matrix U^iv) 
is the inverse of E^. e (v), we can verify that 



<e» = £ e ]klmn e IJKL Uj{v)U^{v)U^(v) 

l,m,n 

V 4 (v)U^ {v)U e j\ («) = 5 £ ^^ZiJKLEte, (v)Ete k («) (3-23) 



where the last equation is a relation for the area bivector Ei(v) A Eii(v) of each triangle /. For example, given a 
triangle / shared by t ei and t es in a 4-simplex a v . one has 



*[E eie2 (v) A E e2ea (v)] = Vi(v) [U e *{v) A U e *(v)] (3.24) 

where A E 2 ] = e IJKL E^E^. 

3.2 Discrete Boundary Geometry 

All the above discussions are considering the discrete geometry in the bulk of the triangulation, where all the co- 
frame vectors E(.(v) and frame vectors U e (v) are located at internal vertices v. Now we consider a triangulation with 
boundary, where the boundary is a simplical complex dK, built by tetrahedra triangulating a boundary 3-manifold. 
On the boundary dK,, each triangle is shared by precisely two boundary tetrahedra. This triangle is dual to a unique 
boundary link I, connecting the centers of the two boundary tetrahedra sharing the triangle. We denote this triangle 

On the other hand, from the viewpoint of the whole triangulation /C, there is a unique face dual to the triangle 
fl, where two edges eo, ei of this dual face are dual to the two boundary tetrahedra t eo ,t ei sharing This dual face 
intersects the boundary uniquely by the link I 2 . Thus we denote this dual face also by // because of the one-to-one 
correspondence of the duality for K. See FIG.l for an example of a face dual to a boundary triangle. 

The end-points s(l),t(l) of the boundary link I are centers of the tetrahedra t eo ,t ei respectively. For each edge 
I of the tetrahedron t ei (i = 0, 1), we associate a spatial vector Eiiti) at the center of i e< , satisfying the following 
requirement: 

• Given the time-like unit vector u 1 = (1, 0, 0, 0), all the vectors Egiei) (i = 0, 1) are orthogonal to u 1 , i.e. 

u I E I e {e i ) = Q Vfet er (3.25) 



2 If the dual face intersects the boundary by more than one link, then it means that the triangle /; is shared by more than two tetrahedra, 
which is impossible for a 3-dimensional triangulation. 
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I 

fl 

Figure 1. The face dual to a boundary triangle /; shared by two tetrahedra t eo ,t ei . 

• If we reverse the orientation of £, then 

E-i(ei) = -E t (ei) V £ e t ei . (3.26) 

• For all triangle / of the boundary tetrahedron t ei with edge ^1,^2,^3, the vectors Ei{ei) close, i.e. 

E tl (e 4 ) + E l2 ( ei ) + E l3 (e 4 ) = 0. (3.27) 

• There is a internal vertex Vi as one of the end-points of the dual edge (i = 0, 1), i.e. the boundary tetrahedron 
t e . belongs to the boundary of the 4-simplex a v . . Then we require that 

rtuEl { ei )E( 2 ( ei ) = mjEl { Vi )Ei 2 fa) V i u i 2 G t et . (3.28) 

The set of El (e$) (i — 0, 1) at the center of t ei satisfying the above requirements is called a boundary (3-dimensional) 
co-frame at the center of t ei (at the node s(l)). The discrete metric 

gt lta (ei) := mjEj^dKi^) ( 3 - 29 ) 

is the induced metric on the boundary dIC. 

Consider a boundary tetrahedron t e . belonging to a 4-simplex a Vi , then the edge dual to t ei connects to a bound- 
ary node (the center of i ej ). We choose 3 linearly independent co-frame vectors Ei 1 (ei),Ei 2 (ei),Ei 3 {ei) at the center 
of t ei associated with 3 edges £1,^2, £3, and also choose 3 linearly independent co- frame vectors Eg 1 (uj), Ei 2 (vi), Eg 3 (u,) 
at the vertex m associated with the same set of edges. Given a unit vector U{vi) orthogonal to Eg_ x (vi), E# 2 (vi), Et 3 (u,) 
such that 

sgndet (Et^Vi), E e2 (vi), Et 3 (vi),U(vij) = sgndet \ E tl (e,), E t2 (e,), E k (a), uj (3.30) 

by the requirement Eq.(3.28), there exist a unique SO(l,3) matrix Q ei such that 

(n ei ) I jE(.(e i ) = El.(v i ) (Sl ei y jU J = U I (v i ). (3.31) 

Thus Q e . is identify as the spin connection compatible with Ef{vj,), Ef(ei). 

Consider a dual face bounded by a boundary link I (see, e.g. FIG.l), by using the defining requirement of the 
co-frames in the bulk and on the boundary, i.e. Eqs.(3.6) and (3.28), we have 

mj E\. (e )El (eo) = vuEj. (e^E^ ( ei ) (3.32) 

where £j , £k are two of the three edges of the triangle fi dual to the face. Therefore we obtain the shape-matching 
condition between the triangle geometries of /; viewed in the frame of t eo and i ei . More precisely, there exists an 
SO (3) matrix gi such that for all the three £'s forming the boundary of the triangle fi 

(gtYjE-^eo) = Ej(ei) (3.33) 
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by the fact that both E^(eo) and Eg(ei) are orthogonal to u 1 = (1,0,0,0). 

Now we consider a single boundary tetrahedron t e dual to an edge e connecting to the boundary. Since all the 
boundary co-frame vectors Eg(e) at the center of t e are orthogonal to the time-like unit vector u 1 — (1,0,0,0), we 
now only consider the 3-dimensional spatial subspace orthogonal to u 1 = (1, 0, 0, 0). We further assume the boundary 
tetrahedral geometry is nondegenerate, i.e. the (oriented) 3-volume of the tetrahedron 

V 3 (e) = dot (E tl {e),E^{e),E l3 {ej) (3.34) 

is nonvanishing, where £i,£2, (3 are the three edges of t e connecting to a vertex p of t e . Since there are 4 vertices of t e 
and an edge i is determined by its end-points Pi,Pj, we denote Eg(e) by E PiPj (e). Choose a vertex p\ and construct 
the nondegenerate 3x3 matrix 

( E P2 P i (e),E P3Pl (e),E PiPl (e)) (3.35) 

we construct is inverse 

(n P2 (e),n P3 (e),n Pi (ej^ (3.36) 

with n Pi (e) • E PjPl (e) = 5ij. Repeat the same construction for all the other 3 verices P2,P3,P4, we obtain four 3- vector 
n Pi (e) such that 

n Pi (e) • E PjPk (e) = <% - S ik . (3.37) 

From this relation, one can verify that: (i) The 3-vector n p .(e) is orthogonal to the triangle (pj-,Pk,Pi) spanned by 
Epjp k (e), E PjPl (e), E PlPk (e) with i =^ j,kj. Therefore we denote n p (e) by n e f where / is the triangle determined by 
the 3 vertices other than p. (ii) the four n e / satisfy the closure condition 

4 

5> e/ = 0. (3.38) 

We call the set of n e f a 3-dimensional frame at the center of t e . Explicitly, the vector n e f is given by 

n e f = V^e)- 1 E £l (e) x E l2 {e) or n pi (e) = V^e)- 1 E P2P3 {e) x E P3Pi (e) (3.39) 
The norm \n e f \ = 2Af /| V3 (e) | is proportional to the area of the triangle Af = | \E^ 1 (e) x E( 2 (e)\. 

4 Geometric Interpretation of Nondegenerate Critical Configuration 
4.1 Classical Geometry from Spinfoam Critical Configuration 

Now we come back to the discussion of the critical point of spinfoam amplitude. The purpose of this section is to 
make a relation between the solution of the critical point equations Eqs.(2.35), (2.36), and (2.37) and a (Lorentzian) 
discrete geometry described in Section 3. 

Given a spinfoam configuration (jf,g e v, £e/; z v f) that solves the critical point equations, let's recall Proposition 2.1 
and consider a triangle / shared by two tetrahedra t e and t e ' of a 4-simplex a v . In Eq.(2.56), there are the simplicity 
conditions Nf(v) *X^,j(v) = and Nf (v) *Xl?f{v) = from the viewpoint of the two tetrahedra t e and t e /. The two 
simplicity conditions implie that there exists two 4- vectors M^(v) and M^(v) such that X e f(v) = N e (v) A M e f(v) 
and X e if{v) — N e i(y) A M e > /(«). However we have in Eq.(2.56) the gluing condition X e f(v) — X e >f(v) — Xf(v), which 
implies that N e '(v) belongs to the plane spanned by N e (v), M e f(v), i.e. N e i (v) = a e fM e f{v) + b e fN e (v). If we assume 
the following nondegeneracy condition 3 : 

5 

[] det(N ei (v),N e2 (v),N e3 (v),N ei (v))^Q (4.1) 

ei,e2,e3,e.i=l 

3 Note that the nondegenerate here is purely a condition for the group variables g ve since N e (v) = g V e(^, 0, 0, 0)'. 
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then N e (v), N e i(v) cannot be parallel with each other, for all pairs of e, e', which excludes the case of vanishing a e f in 
the above. Denoting a ee < = a~fi we obtain that M e f(v) = a ee 'N e i(v) — a ee >b e fN e (v). Therefore 

X f (v) = a ee ,(v) [N e (v) A N e ,(v)] (4.2) 

for all / shared by t e and t e * . Note that within a simplex a v there is a one-to-one correspondence between a pair 
of tetrahedra t e and t e > and a triangle / shared by them. Thus we can write the bivector Xf(v) = X ee i{v) = 
a ee >{v) [N e (v) AN e ,(v)]. 

We label the 5 tetrahedra of a v by t ei , i = 1, ■ • • , 5. Then Eq.(4.2) reads 

X eie . (v) = ay(«) [N ei (v) A N ej («)] (4.3) 

Then the closure condition e e iej (w)^ eiej («) = 4 gives that V i = 1, • • ■ ,5 

4 4 

= (^"w ( v ) [^i ( v ) A («)] = N Ei (v) A J] £ ei e 3 - (v)oij {v)N ej (v) (4.4) 

3=1 3=1 

which implies that for a choice of diagonal element j3a(v), 

5 

X>y(«)JV e »=0 (4.5) 
i=i 

where we denote /%(«) := £ ei ej {v)oiij(v). Here fti(v) must be chosen as nonzero, because if j3a{v) — 0, Eq.(4.5) would 
reduce to Yljjti Pij{ v )N ej (v) — 0, which gives all the coefficients ftj(v) = by linearly independence of any four N e (v) 
(from the nondegeneracy Eq.(4.1)). 
We consider 

5 5 

Y ftj(v)N ej (v) - ft m («) Y Mv)N ej (v) = Y [h m (v)p l3 {v ) - f3 lm (v)f3 kj (v)] N Ej (v) (4.6) 

3=1 3=1 j^m 

Since we assume the nondegeneray condition Eq.(4.1), any four of the hve N e (v) are linearly independent. Thus 

Pkm(v)Pij(v) = Pim(v)Pkj(v) (4.7) 
Let us pick one jo for each 4-simplex, and ask I = j = jo we obtain 

Pkm{v) - -— . (4.8) 

PhhV") 

Therefore we have the factorization of Pij{v) 

f3 lJ (v)=sgn((3 JOJO (v))f3 l (v)f3 J (v) (4.9) 

where ft(u) = fijj {v)/ \f\Pj jo{ v )\- We denote sgn(ft j (i;)) — e(v) which is a constant within a 4-simplex a v . Thus 
we have the following expression of the bivector e eie .{v)X e . e .{v) 

e eiej (v)X eiej (v) = e(«) (ft A (ft (v)N e . («)) (4.10) 

The Eq.(4.5) takes the form 

5 

£ft-(«)iV e » = 0. (4.11) 

3=1 

4 Here £ e< e,(«) = -Seje 4 («) and X Bie ,(v) = X e ei (v). 
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Now we construct the frame vectors U ei (v) for a classical discrete geometry at each vertex v 5 : 

C^(«):=±£^==r with V 4 (v);=det(f3 2 (v)N e *(v),p 3 (v)N e *(v),p 4 (v)N e *(v),p 5 (v)N e *(v)) (4.12) 
V\ v i( v )\ v ' 

where U^.(v) are time-like 4- vectors by Eq.(2.53), and any four of the five frame vectors U ei {v) span a 4-dimensional 
vector space by the assumption of nondegeneracy. Moreover the frame vectors satisfy the closure condition 

5 

£>e» = (4.13) 

and 

^ =det(c/ e2 (i;),f/ e H«)^ e4 M^ e5 M) (4-14) 

and 

e e ^{v)Xfp(v) = e(v)\V 4 (v)\ [U ei (v) A U ej (v)] LJ = E («)V 4 («) [*7 e » A U ej (v)] u . (4.15) 

where e(w) = e(i>)sgn(V4(v)). We emphasize that these frame vectors U e (v) are constructed from spinfoam configura- 
tion (jf,g V e,£,ef,z v f) that solves the critical point equations. Note that the oriented 4-volume V 4 {v) in general can be 
either positive or negative for different 4-simplices. However for a nondegenerate critical configuration (j'j, g ve , £ e f, z v f), 
we can always make a subdivision of the triangulation, such that sgn(V4(v)) is a constant within each sub-triangulation. 

Fix an edge ei at the vertex v, we construct the inverse of the nondegenerate matrix (u e ' 2 (v) , U c ' 3 (v) , U ei (v) , t/ es (v)^ , 
denoted by El iCi (v) such that 

UT (vM jei (v) = 8) i, J = 2, 3, 4, 5 (4.16) 

Explicitly, for example 

<e» = V A {v)e* JKL U?{v)U%{v)TJ?(v) (4.17) 

Note that e (v) is determined only up to a sign from the data N e (v) since Eq.(4.12). However if we fix e 2 instead 
of ei, and find the inverse of (ll ei (v),U e3 {v), U e4 (v), t/ 65 («))*, denoted by El. e2 (v), then 

UT (v)Ei je2 (v) = 5) i, j = 1, 3, 4, 5 (4.18) 

and 

3U» = -V 4 (v)e IJKL U?(v)U e K *(v)U?(v) (4.19) 
where the minus sign comes from V 4 {v), because from the closure condition Y^=i U ej (v) = 

det (u £2 (v),U es (v), U e * (v), U £5 (»)) = - det (u ei («), U £3 (v), U ei (v), U es . (4.20) 

Therefore we find 

<e» = -<e»- (4-21) 

Then we can fix e^, e 4 , e^, and do the same manipulation as above, to obtain E e . ej (v) i,j = 1, • • ■ ,5 such that 

Ur(v)E I e . ek (v) = Si-5 i k and E^Jv) = -E^v) (4.22) 

5 We denote the dual vector Nf by N e and the vector JVg by N e , and the same convention holds for U e and U e . 
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from which we can see that all E^ ek (v) are spatial vectors. One can also verify immediately that 

U? («) ( E l 3 e k («) + < 6! («) + < ej («)) =0 Vt = 1, • • • , 5 (4.23) 

By the nondegeneracy of U^iy), one has 

El 0&k (v) + Ei kei (v) + Ei ie . (v) = (4.24) 

Comparing Eqs.(4.22) and (4.24) with Eq.(3.8), we see that the collection of E ee >(v) at v is a co-frame at the vertex 
v. The bivector X ee >(v) can also be expressed by E ee >{v) 

e e465 (v)X^ (v) = e(v) * [E eie2 (v) A E e2C3 («)] " (4.25) 

r i IJ 

which will also be denoted by e e f(v)Xj J (v) = e(v) * Ei 1 (v) A Ei 2 {v) 

The above work are done essentially with in a single 4-simplex a v . Now we consider two neighboring 4-simplices 
a v , a v i while their center v, v' are connected by the dual edge e. Since we only consider two simplices, we introduce a 
short-hand notation: 

U :=U e (v) := g vv ,U e (v') 

Ui~U ei (v) U'i := g vv >U e ,(v') 
En := E eie . (v) E[ 3 := g vv ,E e , e , {v') (4.26) 

where i,j = 1, • • • ,4 labels the edges connecting to v or v' other than e, Eij and E'^ are orthogonal to Uq and U' 
respectively from Eq.(4.22). Here g vv i = g ve g e v' comes from the spinfoam configuration (J f, g ve ,£,ef, z vf) that solves 
the critical point equations. From the closure condition of U e {v) we have 

u = -J2 u i and u o = -J2 u i ( 4 - 27 ) 

i i 

By definition N e (v) = g V eU and N e (v') = g v > e u where u = (1,0,0,0)*, thus N e (v) = g vv >N e (v') with e = (v,v'). Thus 
from the definition of U e (v) in Eq.(4.12), we find 

where e — ±. On the other hand, from the parallel transportation relation Xf{v) — g V v'Xf{v')g v i v and e e f(v) = 
—e e f{v') for e = [v, v'), we have 

eoiX^j = eV(U a A U l )u = -e'V{U m A U H ) U (4.29) 

where X$i is the bivector corresponds to the dual face / determined by e, e%, e^, the sign factor eoi — £ e/(f), the sign 
factors e and e' are short-hand notations of e{v) and e{v') respectively, and 

~ =det([/ 1 ,C/ 2 ,C/ 3 ,C/ 4 ) -^ 7 =dct(C/' 1 ,C/' 2 ,C/' 3 ,f/' 4 ) (4.30) 

Here the minus sign for 1/ V is because the compatible orientations of a v and av are [po , Pi , P2 , P3 > Pi] and — [po iPiiP2,P3, Pa] ■ 
Thus we should set £oi234(v) = — £oi234(«') = 1. Eqs.(4.28) and (4.29) tell us that Uj is proportional to Uj° and U'f 
is a linear combination of U\ and [7°. Explicitly 

U^-ss'i^Uj + a^ (4.31) 
where a« are the coefficients such that Y2i U[ = —Uq. Using this expression of U n , we have 
_ _L = det (U n ,U' 2 ,U' 3 ,U' 4 ) = det(t/'°,C/' 1 ,[/' 2 ,C/' 3 ) 

^-MU-Mfdet^ ^ E/ 2 E/ 3 ) - (4 32) 
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which results in e = e' . Therefore e(v) — e(v') = e is a global sign on the entire triangulation. Now for the bivectors 
X 0i (v) and X 0i (v') (X^(v) = X^(v) and e l3 (v) = -£,-<(«)) 



:. 0i (v')X°}(v>) = elY^e^WyuKLE^E^W) (4.33) 

m.n 



Since £ »0) = Soi(v') and e fc « m ™(u) = -s kijmn (v'), we can set £ 0l (w)e fe0lm ™(w) = e oi (v')s mmn (v') = £ 0j £ fcWmn - 
Therefore 



m.n 

£(H X?M«') = e~ ^ E k0iTnn £ IJKL E^ k (v')E^ k (v') (4.34) 

Given a triangle /, we can choose Ei 1 (v), Eg 2 (v) (e.g. = (p m ,pk) and ^2 = (p n ,Pk) with e j = 1 and e fechmn = 1) 
such that 



u 

Xj J (v) =e * E h (v) A E i3 (v) and X 1 / (v') = e * E tl (v') A E l2 (v') (4.35) 

On the other hand, Eq.(4.32) also implies that \U \V = ±\U( 1 \V. Thus we define a sign factor /x := — e| ETq | V"/ 1 | T^' = 
±1 such that from Eq.(4.31) 

U'j = fiUj + n = -e sgn(W') (4.36) 



i j 



Therefore we obtain the relation between Eij and E[- (using £jkim,o( v ') = — £jklmo( v )) 

ipll _ \rl _ r.,l\JJKL ttII Trim rr'O _ ? r „2i//. (..\JJKL jjl jjm ttO _ ,,3t/_ r.,\JJKL jjl jjm ttO 

E ik — V £ jklrn{V )£ U j U K U L — -Ettt-tM V £jklm(V)£ U j U K U L — (X VEjklm{V)e U J U K U L 

\U \ 

= yEjk (4-37) 

which means that for all tetrahedron edge I of the tetrahedron t e dual to e = (v,v'), the co- frame vectors Eg(v) and 
Eg(v') at neighboring vertices v and v' are related by parallel transportation up to a sign p ei i.e. 

fi e E e {v) = g vv -E t {v') V£ct e (4.38) 

This relation shows that the vectors E((v) (constructed from spinfoam critical point configuration) satisfy the metricity 
condition Eq.(3.6). Therefore the collection of co-frame vectors Eg(v) at different vertices consistently forms a discrete 
co-frame of the whole triangulation. At the critical configuration, we define an SO(l,3) matrix Q vv > relating g vv i (in 
the Spin-1 representation) by the sign /x e , i.e. 

Qvv' — Pe^vv' (4.39) 

By Lemma 3.1 and Definition 3.2, the SO(l,3) matrix Q vv > is a discrete spin connection compatible with the co-frame 
if sgn(V 4 (v)) = sgn(W)). 

If 8gn{Vi{v)) = sgn(V 4 («')), fi e = -i sgn^^Vk^')) = -e. Thus from Eq.(4.28), 

the tetrahedron normal U e (v)/\U e (v)\ is always opposite to Q, e U e (v')/\U e (v')\ when sgn(V4(u)) = sgn(V4(i/)). 

Since in Spin-1 representation g vv e SO + (l,3) and il € SO(l,3), p e — —1 corresponds the case that Q vv > € 
SO~(l,3). It means that in the case of pL e = —1 if we choose the unit vectors U(v),U(v') orthogonal to Ei(v),Ei(v) 
(£ C t e ) such that 

sgndet (e (i (v),E h {v),E i3 («), U(vf) = sgndet (e (i {v'),E t2 (v'),E h («'), U(v')) (4.41) 
then one of U(v), U(v') is future-pointing and the other is past-pointing. 
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4.2 Boundary Data for Spinfoam Critical Configuration 

Given a spinfoam configuration {jf,g V ei£,efiZvf) that solves critical point equations. The boundary data of the 
spinfoam amplitude is given by the boundary spins and the normalized spinors (j/,£ e /) for the boundary triangles /. 
Eq.(2.43) naturally associates a bivector X e t to each pair (j/,£ e /) for each (e, /). From Eq.(2.47), 

Xlj = 2 7J/ [h ef A u] (4.42) 

The spatial 3-vectors jffi e f satisfy the critical point equation Eq.(2.37) 

5> e /j/*W = (4-43) 
/ 

where v is the vertex connecting to the edge e. We define V^e) such that 

det (£ e / 2 j/ 2 n e/2 ,£ e/3 j /3 n e/ 3,e e/4 j /4 n e/4 ) = sgn(V 3 (e)) \V 3 (e)\ 2 (4.44) 
We rescale each vector e e fjfh e f by 

n ef ■= £e \vl(e)\ f then J2 Ue f =0 aild det ( n eh' n ef3> n eh) = ^7g)" ( 4 - 4 5) 

We assume the nondegeneracy of the boundary data, i.e. any three of the four vectors n e f span the 3-dimensional 
spatial subspace, in another word, the following product of determinants is nonvanishing 

4 

Yl det (n efl , n ef2 , n eh ) ^ 0. (4.46) 

fuh,fs=i 

The nondegeneracy of the tetrahedron Eq.(4.46) is implied by the nondegeneracy condition in the bulk Eq.(4.1). 
The reason is the following: By the parallel transportation relation Xf(v) — g V eX e fg ev and X e f — 2jjfn e f A u, the 
bivector Xf(v) is then given by Xf(v) = V e f(v)AN e (v), where N e (v) = g ve u and V e f(v) := fg ve n e f is orthogonal to 
N e (v). For / the triangle shared by t e and t ei (i = 1, • • • , 4), we know that Xf(v) — a eie (v)N ei (v) A N e (v). Therefore 
the vector V e f(v) is a linear combination of N e . and N e . The nondegeneracy condition Eq.(4.1) in 4-dimensions implies 
the 4 unit vectors, say N e and any 3 out of 4 vectors N ei , are linear independent and span a 4-dimensional vector space. 
Thus any 3 out of the 4 vectors V e f(v) must be linear independent and span a 3-dimensional subspace orthogonal to 
N e (v). Then Eq.(4.46) is a result from parallel transporting V e f(v) back to the center of t e . 

We now denote n e f = n pi (e), where the triangle / is determined by (p2,P3iP4)- Now we construct the spa- 
tial 3-vectors E plP2 (e), such that the matrix (e p2Pi (e), E P3Pl (e), E PiPl (e)J is the inverse of (n P2 (e), n P3 (e), n P4 (e)^ . 
Therefore we have 

n p . (e) • £^ Pj . Pfc (e) = - <5 jfc (4.47) 

The 3-vectors E PiPj (e) are associated to the edges t = (pi,Pj) of the tetrahedron t e , so it can be denoted by E(_(e), 
Note that Eg(e) is determined up to an overall rescaling, since the set of n e f is defined up to an overall scaling a € R. 
In the following we are going to show that the vectors Et(e) are co- frame vectors on the boundary. 

First of all, Eqs.(3.25), (3.26) and (3.28) can be verified immediately from Eq.(4.47). Since ( y E P2Pl (e),E P3Pl (e), E PiPl (e) 

is the inverse of (n P2 (e), n P3 (e), n Pi (e)j , we have 

det [E P2P1 (e),E P3Pl (e), E PiPl (e)) = V 3 (e) (4.48) 

we also have 

£efjjfh Pj (e) = |y 3 (e)|n PJ (e) = e(e)V 3 {e)n Pj {e) = s(e)^J2e ijkl E PkPt (e) x £ PiPi (e) (4.49) 

kd 
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where we have define a sign factor e(e) = sgn(Va(e)). Equivalently for the bivector X e f, there exists Ee 1 (e),E£ 2 (e) 
such that 



(4.50) 



Xlj = 2rfj f [h ef A u] IJ = e(e) * (e) A (e)] 
Consider a internal vertex v which connected by the edge e, we introduce the short-hand notation: 

Eij := E PiPj (e) E^ : — g ev E PiPj (v) e(e) := e' fi 3 -:=n P;f (e) (4-51) 
Since Xf{v) = g V eX e fg ev , for each triangle determined by (pi,Pj,Pk) 



e ' 2 I] e «« *^ A ^ = £ o e «« * £! W A ^ = 2£ e/7i/ [fy A M l ( 4 - 52 ) 
fc,{ fe,/ 

We also have N e (v) = g ve u. So i?L is orthogonal to u 1 = (1, 0, 0, 0) since Eg(v) (£ C t e ) orthogonal to N e (v). Thus 



(4.53) 



k.l 



which implies that the 3x3 matrix given by E' ki (with i fixed) is the inverse of the matrix given by rij, j ^ i, up to 
an overall constant, i.e. 



V 

n i -E' jk =ee'-f-(S ij -S ik ) 
V 3 



(4.54) 



we have used the short-hand notation 

V 3 = V 3 (e) = dot (E 21 (e),E 31 (e),E 41 (ej) V 3 = V 3 '(e) = det (i^(e), E' 31 (e), E'^e)) (4.55) 



Comparing Eq.(4.54) and Eq.(4.47) we determine that Ej k is proportional to E'^ k : 

V 

since the matrix given by n, has unique inverse. Insert this relation back into Eq.(4.52), we obtain that 



which tell us that 



As a result we find the relations 



X ef = e * 



e' = e and 



= £ 



n 



= 1 



E tl (e) A Ee 2 (e) and pL e Ei>(e) = g ev E e (v) V t C t e 



(4.56) 



(4.57) 



(4.58) 



(4.59) 



where e = ±1 is the global sign factor of the whole triangulation, and [i e = sgn(V3)sgn(V^') = ±1. From the second 
relation above, we obtain the metricity condition Eq.(3.28). Therefore we confirm that Eg(e) is a boundary co-frame 
constructed from spinfoam critical configuration. The group element g ev equals to the spin connection Q ev up to a 
sign, i.e. 



fjev — /^e^e 



(4.60) 



Since e is a global sign of the entire triangulation and e = sgn(V3(e)) on the boundary, then prior to the construc- 
tion, one has to choose a consistent orientation of the boundary triangulation such that sgn(V3(e)) = sgn(V3(e')) for 
each pair of tetrahedra t e ,t e i. 
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By the following relations (we choose the orientation of the 4-simplex o~ v = [po,Pi,P2,P3yPi\) : 

Vz = EijkE^E^E^ V3' = euKE'^E'^E'^ (g ev U°)i = —EuklE^E'^E'^ (4.61) 

V4 

we obtain that 

V3 = -V 4 U%g ve uY = -ViU^Nfi, where u = (1, 0, 0, 0)* (4.62) 

Then for an edge e connecting to the boundary 

li e = -e sgn(F 4 («))sgn([/ / ( U X( t ;)) (4.63) 

which implies that if we choose e — sgn(Vs(e)) = +1 globally on the boundary, and if V±{v) > 0, \i e = +1 when Uq(v) 
is future-pointing and fi e — — 1 when Uq(v) is past-pointing, while N (v) = g ve u is always future-pointing. 

Lemma 4.1. Given f either an internal face or a boundary face, the product Yiecdf ^ e doesn't change when U e (v) 
flips sign for any ^simplex o~ v , recall that the five normals U e (v) at a v are defined up to a overall sign. Therefore the 
product Ileca/ ^ e * s determined by the spinfoam critical configuration. 

Proof: For a internal edge e = (v, v'), we have 

^ - -e e sgn(yi(v)Vi(v')) = sgn([/ e / (t-)( 3w (7 e ) / ( t ;'))sgn(y4(i')F4K)) (4-64) 

where we recall that e e U e (v) /\U e (v)\ = g vv >U e (v') /\U e (v')\. Combine with Eq.(4.63), it is easy to see that if we flip 
simultaneously the sign of all the five U e (v) at any a v (v £ df), the product ELcS/ t le doesn't change, for / either an 
internal face or a boundary face. □ 



We recall FIG.l, where the triangle /; is shared by two boundary tetrahedra t eo ,t ei . Because of Eq.(4.59), we 
parallel transport three co-frame vectors Ei(cq) corresponding to the three edges of the triangle 

(\J f ji e )E i (e 1 ) = G fl (e 1 ,eo)E e (e ) Vfc/j (4.65) 

e 

where (?f,(ei,eo) := fle<?e is a product of the edge holonomy g e over all the internal edges e of the dual face 
Therefore the triangle formed by the three Ee(eo) (£ C fi) matches in shape with the triangle formed by Ei(e%) 
(I C fi). Since both Eg(eo) and Eg(ei) are orthogonal to the unit time-like vector u ~ (1,0,0,0). There exists an 
0(3) matrix gi such that 

giEi(e ) = Ei(e\) and gifi eofl = n eifl (4.66) 

These relations give the restrictions of the boundary data for the spinfoam amplitude. We call the boundary condition 
given by Eq.(4.66) the (nondegenerate) Regge boundary condition. The above analysis shows that the spinfoam 
boundary data must satisfy the Regge boundary condition in order to have nondegenerate solutions of the critical 
point equations Eqs.(2.35), (2.36), (2.37). 

4.3 Summary 

Now we summarize the results in this section as a theorem: 

Theorem 4.2. (Construction of Classical Geometry from Spinfoam Critical Configuration) 

• Given the data (jf, g ev , £ e /, z v f) be a nondegenerate spinfoam configuration that solves the critical point equations 
Eqs.(2.35), (2.36), and (2.37), there exists a discrete classical Lorentzian geometry on M., represented by a set of 
spatial co-frame vectors Ei(v) satisfying Eqs.(3.4), (3.5) and (3.6) in the bulk, and Eg(e) satisfying Eqs. (3.25), 
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(3.26), (3.27) and (3.28) on the boundary, such that the bivectors Xt(v) and X e f in Proposition 2.1 is written 
by 



X} J (v)=s * E ei (v) A E i2 (v) 



u 



X, 



i j 



£ * 



E tl (e) A£7/ 2 (e) 



(4.67) 



where i\, £ 2 are edges of the triangle f. The above equation is a relation between the spinfoam data Xf(v), X e f and 
a classical geometric data Ep(v). Such a relation is determined up to a global sign e on the whole triangulation. 
Moreover the above co- frame is unique up to inversion E( i— > — Eg at each v or t e . With the co-frame vectors 
Ei(v),Ei(e), we can construct a discrete metric gi^t 2 (v), ge 1 e 2 (e) in the bulk and on the boundary 



9tit a ( v ) = VijEj, {v)El (v) g tl e 2 (e) = mJ E l x i e ) E l ( e )- 



(4.68) 



• The norm of the bivector \Xf(v)\ = |£ , £ 1 (w) A Eg 2 (v)\ = 2'jjf. Thus jjf is understood as the area of the triangle 
f- 

• If the triangulation has boundary, one has to choose a consistent orientation of the boundary triangulation such 
that sgn(V3(e)) = sgn(V3(e')) for each pair of tetrahedra t e ,t e i (recall Eq. (4-44))- Then the global sign e is 
specified by the orientation of the boundary, i.e. e — sgn(V3(e)). 

• Equivalently the bivectors in the bulk can be expressed by the frame U e (v) associated with Ei(v) 

U 



Xy(v) = e V A (v) U e (v)AU e ,(v) 



(4.69) 



where e,e' are the dual edges of the dual face f, and V^(v) 1 is the determinant of the matrix defined by the 
frame co-vectors Uj*(v), i — 2,3,4,5, i.e. 

1 



V 4 (v) 



det (U e * (v) , U e3 ( v) , U ei (v) , U e5 (v) 



For the bivector on the boundary, from Eq.(2.47) 



Xi J f = 2 7 j [n e/ A u 



i.j 



(4.70) 



(4.71) 



where u = (1,0,0,0) and jn e f is the oriented area of the boundary triangle. 



• Given a dual edge e, for all tetrahedron edge £ of the tetrahedron t e dual to e — (v,v'), the associated co-frame 
vectors Ei(v) and Ei(v') at neighboring vertices v and v' are related by parallel transportation up to a sign 
i.e. 



H e E £ (v) = g vv >E e (v') V £ C t e 
If the dual edge e connects the boundary, we have similarly 

H e Ei{v) — g ve E e (e) Vlct e . 
We define the SO(l,3) matrices Cl vv i,£l ve by 



(4.72) 



(4.73) 



(4.74) 



The simplicial complex JC can be subdivided into sub-complexes JCi, ■ ■ ■ ,K. n such that (1) each K-i is a simplicial 
complex with boundary, (2) within each sub- complex JCi, sgn(V4(t>)) is a constant. Then within each sub-complex 
JCi, the SO(l,3) matrices fl vv t,Cl ve are the discrete spin connection compatible with the co-frame Eg(v) and 
Ei(v'). 

6 |£i f\E 2 \ 2 = \{E[E^-E-(E I 2 ){E}E 2 J -E 1 J E 2 I ) = |Bi| 2 |B2| 2 (l-cos 2 6) = (2A f ) 2 where E x -E 2 = \E ± \\E 2 \ cosg. |Ki AB 2 | corresponds 
to the area of a parallelogram (two times the area of the triangle) determined by E\ and E 2 ■ 
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• Given the boundary triangles f and boundary tetrahedra t e , in order to have nondegenerate solutions of the critical 
point equations Eqs.(2.35), (2.36), (2.37), the spinfoam boundary data (Jf,£ e f) rnust satisfy the (nondegenerate) 
Regge boundary condition: (1) For each boundary tetrahedron t e and its triangles f, (jf,£ e f) determines 4 
triangle normals h e f that spans a 3-dimensional spatial subspace. (2) Given the tetrahedra t eo ,t ei sharing the 
triangle f, the triangle normals h eo f and n ei f are related by an 0(3) matrix g\ (I the link dual to f on the 
boundary) 

9i n e f=n eif . (4.75) 

(3) The boundary triangulation is consistently oriented such that the orientation sgn(Vs(e)) (recall Eq.(4-44)) * s 
a constant on the boundary. If the Regge boundary condition is satisfied, there are nondegenerate solutions of the 
critical point equations, and the solutions implies the shape-matching of the triangle f shared by the tetrahedra 
t eo and t ei . If the Regge boundary condition is not satisfied, there is no nondegenerate critical configuration. 



5 Spinfoam Amplitude at Nondegenerate Critical Configuration 

Given a nondegenerate critical configuration (jf,g e v,(,ef-, %vf), the previous discussions show us that we can construct 
a discrete classical geometry from the critical configuration. Moreover we can make a subdivision of the triangulation 
into sub-triangulations K,\, ■ ■ ■ ,/C n , such that (1) each JCi is a simplicial complex with boundary, (2) within each sub- 
complex ICi, sgn(V4(t>)) is a constant. To study the spinfoam (partial-) amplitude A,-(/C) at a nondegenerate critical 
configuration, we only need to study the amplitude AjiJCi) on the sub-triangulation /C; where sgn(V4(u)) is a constant. 
Then the behavior of Aj(JC) can be expressed as a product 

critical — 



critical 



Therefore in the following analysis of this section we always assume the triangulation has a boundary and sgn(V4) is 
a constant on the triangulation. 

5.1 Internal Faces 

We have shown previously that the action S of the spinfoam amplitude can be written as a sum S = J^f Sf- We first 
consider the internal faces whose edges are not contained in the boundary of the triangulation. Each internal "face 
action" Sf evaluated at the critical point defined by Eqs.(2.35), (2.36), and (2.37) takes the form 

S f = 2*7.77 ln ii^Tji ~ 2*77 12 = f T 12 e *>* + 12 4«>*) ( 5 - 2 ) 

where we have denoted 



V€df ll^ ve f\> vf zQf \ v( zQf vf z d f 



^4 := (5.3) 

\\ Z ve'f\\ 

Recall Eqs.(2.35) and (2.36), and consider the following successive actions on £ e f of g e ' v g ve around the entire boundary 
of the face / 

vedf 

II 9e>v9vetef = ^ fl -' +4 £. ^'£ e/ (5-4) 

vedf 

Thus £ e f is a eign- vector of the loop holonomy \\vedf9e'vgve- Since £ e /, J£ e / are normalized spinors and (J£ e f,£ef) = 0, 
thus we represent them by 

£ e/ = f M and J£ e/ = r J (5.5) 
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We express this loop holonomy by an arbitrary SL(2,C) matrix 



G/(e) := 1] 



Qe'vQve — 



vedf 

Thus the eigenvalue equations for arbitrary complex number a 



a b 
c d 



a b\ 1 



and 



a b\ 



(5.6) 



(5.7) 



implies that 



a b 
c d 



e a 
e~' 



(5.8) 



By rotating z to the unit 3- vector n e /, we obtain a representation- independent expression of the loop holonomy G/(e) 



Gf(e) = cxp 



{6 eve' + i(/)eve')v ' Kf 

vedf 



(5.9) 



which is an exponential map from Lie algebra variable 7 . 

Consider the following identity: for any complex number a and unit vector h, 



tr 



(l + a-h)e° 



(5.10) 



which can be proved by the identities of Pauli matrices: (<? • n) 2k = 12x2 and (a ■ n) 2k+1 = a ■ h. Using this identity, 
we have 



In tr 



In tr 



(l+a-n ef )G f (e) 
(l + a-n ef )G f (e) 



vGdf v£df 
^ $ eve' ^ ^ 4*eve' 



(5.11) 



where we use the fact that a are Hermitian matrices. Insert these into the expression of the face action Sf 



St 



-Jf <■ Intr 



~(l + *.n e/ )G,(e) 



(l + a-n e/ )G/(e) 



-I- In tr 
lntr 



~(l + *-n e/ )G}(e 
\{l + a-n ef )G){e) 



-(i7 + l)j/lntr 



(l + a-n ef )G f (e) 



- (*7-l)i/ lntr 



i(l + ( ?-n e/ )G}(e) 



(5.12) 



We define the following variables by making a parallel transport to a vertex v 



x f(v) : = 9W<? • ™ e /5 et , Xf(v) := gt v a ■ n ef gl e 
G f (v) := g ve G f {e)g ev G f (v) := g\ v G f {e)gl e 



(5.13) 



where one can see that Xf(v) is related to the bivector in Proposition 2.1 by Xf(v) — X f(v) /*yj / . In terms of these 
new variables at the vertex v, the face action is written as 



S f = -(ry+ l)j/lntr 



1 



l+Xf(v))G f (e) 



(n~ l)i/lntr 



i(l+Xt(„))Gt(e) 



(5.14) 



7 Note that not all the elements in SL(2, C) can be written in an exponential form, because of the noncompactness. 
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According to Theorem 4.2, at the critical point, the bivector Xt(v) is written as 

- _^ *E ei (v) A E e2 (v) 
Xf[V) - 2£ \*E ei (v)AEM\ 

and the spinfoam edge holonomy g vv i equals to the spin connection Cl vv i up to a sign [i e = e I7rrie , i.e. 

a i — p i7r " e O / 

The spinfoam loop holonomy (in its Spin-1 representation) at the critical point satisfies 



G f (v)Et(v) = e i7T ^°cf n eEt(v) = cos (ir^n^jE^v) 



(5.15) 



(5.16) 



(5.17) 



eCf 



We pick out a Eg(v) as one of the edge of the triangle dual to / and construct Eg/(v) as a linear combination of the 
edge vectors Ee 1 (v),Ei 2 (v) and orthogonal to Ei(v). We normalize Ei(v),E^(v) and represented them by 



E t (v) 





1 



and Ef (v) 








(5.18) 



We have shown that the loop holonomy Gf(v) can be written as an exponential form, i.e. Gf(v) = e Y f( v \ If we 
represent Yf(v) by a 4 x 4 matrix, from Eq.(5.17), Yf(y) must be given by 

/ D u D 12 \ 

D 21 D 22 

-7r£ e n e 

V 7r£ e n e J 

where Dij is a pure boost leaving the 2-plane spaned by Ei(v),Ee>(y) invariant. Then the spin-1 representation of the 
loop holonomy Gt(v) can be expressed as 



Yf(v) 



(5.19) 



Gf(v) = exp 



*E tl (v)AE<, 2 (v) 



E ei (v) A E i2 (v) 



I * E tl (v) A Ei 2 (v)\ 1 \E tl {v)AE l2 {v)\ 



eCf 



where is an arbitrary number. Since the duality map * = i in the spin-| representation, thus 



(5.20) 



(5.21) 



in the spin-| representation, where Gf{v) € SL(2,C). 

We now determine the physical meaning of the parameter ■df. sgn(V4(v)) is a constant on the triangulation for 
the oriented 4-volumes of the 4-simplices. By the relation between spinfoam variable g vv > and the spin connection: 
g vv i — fx e Q vv /, we have for the spin connection 

n f (v) = e in ^° n *G f (v) = ^^."'e 1 *^ 1 "^" 11 '+i^wak 1 ;wi^.^ g S 0(l,3) (5.22) 
We consider a discretization of classical Einstein-Hilbcrt action J Ry/—gd 4 x: For each dual face / 



tr 



sgndet(e^) *[e A e] / R 



sgn(y 4 )-tr J4(t))A^(ti) ln^ oost («) = sgn^M/tf/ (5.23) 



This formula should be understood by ignoring the higher order correction in the continuum limit. Here we use Af to 
denote the triangle dual to /. is a co-tetrad in the continuum. R is the local curvature from the s^C-valued local spin 
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• B tl''' AB <i''i 

connection compatible with e^. Only the pure boost part Dj oat (v) = e | * E «i (,,)AE '!2 ( " )l of the spin connection Q/(i>) 

contributes the curvature i? in the discrete context. When e 47r ^<= ,ll! = —1, the factor e 47r E c n ee iE (l WAE, 2 wi 
flips the overall sign of the reference frame at v and rotates 7r on the 2-plane spanned by Eg ± (v), Eg 2 (v). It serves for 
the case that the time-orientation of the reference frame is flipped by Qf, while the triangle spanned by (u), £^ 2 (?;) 
is kept unchange. Such an operation doesn't change the quantity 8 



tr 



/ sgndet(e£ 
JA f 



) * [e A e] / R 



(5.24) 



Af — ~| * E tl (v) A Ei 2 {v)\ is the area of the triangle dual to /. Compare Eq.(5.23) with the Regge action of discrete 
GR, we identify that sgn(V4)t9/ is the deficit angle 0/ of / responsible to the curvature R from the spin connection 
(see also [24]). 



6, 



3gn(Vi)i?/ 



(5.25) 



where we keep in mind that sgn(V 4 ) is a constant sign on the (sub-)triangulation. 
Insert the expression of G/(i>) into Eq.(5.14), we obtain for a internal face / 



(*7 + 1) 



-■If 



5sgn(\4)9/ + «r^n e 



ecf 



(t 7 - 1) 



-Jf 



£Sgn(V 4 )6/ 



in n e 



-i e sgn(t4) 7J/9/ - Mr.?'/ Y n e 

eC/ 



(5.26) 



where we have used again the relations of Pauli matrices (a-h) 2k — 12x2 and (a-n) 2k+1 = a-n, as well as the following 
relation 



tr (x f (v) ■ ■ ■ Xf(v) \ = tr(^g ve a ■ h e fg ev ■ • • SWo' • n ef g ev ^j =tr(a- n e f ■■■5- n e /J 
Finally we sum over all the internal faces and construct the total internal action S\ u x =Y]t i 



Q 

f internal / 



^internal = ~% £ Sgn(F 4 ) ^ 7J/®/ ~ i7r Y Ue ' 
f internal / internal e£<9/ 

where jjf is understood as the area of the triangle /, and J^f 7J/©/ i s * ne R e §S e action for discrete GR. 
5.2 Boundary Faces 

Let's consider a face / dual to a boundary triangle (see FIG.l). The corresponding face action Sf reads 

Sf = 2^ 7 J / ^ |,y" e ' f ,| ~ Xjf ^ <t>eve> = -2tjf ( 7 £ 9 eve' + Yl <t>™ e i J 
ll Z «e/ll v \ v v J 



(5.27) 



(5.28) 



(5.29) 



where the sum is over all the internal verices v around the face /, and we have also used the notation \\Z ve f\\/\\Z ve > /|| := 

e 9e„e'. 

On the boundary of the face /, there are at least two edges connecting to the nodes on the boundary of the 
triangulation. We suppose there is an edge e of the face / connecting a boundary node, associated with a boundary 
spinor £ eo /- Recall Eqs.(2.35) and (2.36), and consider the following successive action on £ eo f of g e > v g ve along the 



^£lf(v) S SO _ (l,3) comes from an oriented but time-unoriented orthonormal frame boundle, where the co-tetrad can flip sign. 
However, the local spin connection V^f = ej i \' a e llJ doesn't change as i— > — and coincides with the spin connection on the oriented 
and time-oriented orthonormal frame bundle. The same holds also for the curvature R from the spin connection. 
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boundary of the face /, until reaching another edge e\ connecting to another boundary node. We denote by p ei e the 
path from eg to e\ 



g ei v'gv'e' • ■ ■ 9evgve J^e f = J£ ei f exp 



gexv'Qv'e' ' ' ' 9ev9ve £,e f — £ei/ exp 



We denote the holonomy along the path p ei e by 

G/(ei,eo) '■— g ei v'gv'e' ■ ■ ■ gevgveo 
and construct a SU(2) matrix from the normalized spinor £ by 

<?(£) = (^0eSU(2) 



If we denote by 



Eq.(5.30) can be expressed as a matrix equation 



G/(ei,e ) g(£ eo f) =g(Ze 1 f) 



e a 



v e / 

Therefore G/(ei,eo) can be solved immediately 

G f (e 1 ,e )=g(Z eif ) e £.C«w+W.„.0*i gfe^)" 1 
We again employ the identity Eq.(5.10) to obtain 



In tr 



lntr 



(1 + a ■ z) g(£ ei f) 1 Gf(ei,e )g(€e o f) 
(1 + z) g(Zeof)~ 1 G}(ei,e )g(£ ei f) 



v 



Insert these relations into the face action Sf 

= ~(«7+ l)i/lntr 
-(«7~ lntr 



(1 + <r • z) g(C ei /) : G/(ei, e )g(£ eo f) 



- (1 + a ■ z) g(C eof )- 1 G}(e 1 ,e )g(^ lf ) 



(5.30) 



(5.31) 



(5.32) 



(5.33) 



(5.34) 



(5.35) 



(5.36) 



(5.37) 



Recall that at the critical configuration G/(ei,eo) coincides with the spin connection f2/(ei,eo) up to a sign. Given 
the co-frame vectors Eg(eo) and Ee(ei) with £ the edges of the triangle /. 



([[fM e )E i {e 1 ) = G f (e 1 ,e )E e (e ) V£c/ 

e 

G/(ei,e ) = (JJ/x e )O/(ei,e ) 



(5.38) 



where the product J^e is over au the edges along the path p eieo - 

Here we are going to give an explicit expression for G/(ei,eo) from Eq.(5.38). We first define three new vectors 
Ee(ei) for the three £'s of the triangle / 



Ee(ei) = §(te i f)- l E i (e i ) i = 0, 1 



(5.39) 
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where g(£, ei f) is the spin-1 representation of g(£ ei f) & SU(2). Thus 

3(6 1 /)" 1 G/(ei, e )g(UfWeo) = ([[ Me)^(ei) (5.40) 

e 

The co-frame vectors Eg{e) of a triangle / is orthogonal to n e f, which is given by n e f — g(^ e f)z. Thus the triangles 
formed by £^(ej) (i = 0,1) are both on the 2-plane (the xy-plane) orthogonal to u = (1,0,0,0) and z = (0,0,0,1), 
then they are related by a rotation e^ /j3 on the xy-plane 

Mei) = e C/J3 ^(e ) V I C /. (5.41) 

Therefore <?(£ ei /) _1 G/(ei, eo)g(£ eo /) is the above rotation plus a pure boost along the z-direction and a rotation taking 
care the sign factor Y[ e P"ei both of which leaves the vector on xy-plane invariant. Hence 

G/( ei , eo ) = ^ ei/ )e^e^e«e^ e O^ (w) -i (5 .4 2) 

where is an arbitrary number. The rotation e^ fJs corresponds to a gauge transformation in the context of twisted 
geometry [25]. Here we can always absorb e^ 3 into one of g(£ ei f), which leads to a redefinition of the boundary data 
£ 6i /. Such a redefinition doesn't change the triangle normal n e f thus doesn't change the bivector X e f. Then all the 
above analysis about constructing discrete geometry is unaffected. The boundary data after this redefinition is the 
Regge boundary data employed in [13]. With this setting, we obtain 

G f (e 1 ,e )=g(Uf)e^ K3 e^ n ^m f)- 1 - (5-43) 
for an explicit expression of G/(ei, eo), and 

E e (e ) = E t (e{) = E t (5.44) 

for the edges of triangle I. The three vectors Eg determines the triangle geometry of / in the frame at /. From 
Eq.(5.38), we obtain the spin connection compatible with the co- frame 

%( ei ,e ) = e^^^gi^^f^e^^^giUf)- 1 - (5-45) 

When e"^ n = = 1, the spin connection %(ei,e ) € SO+(l,3), and when e "^- n - = -1, Q/(ei,e ) G SO~(l,3). 

We now determine the physical meaning of the parameter in the expression of G/(ei, eo). It is related to the 
dihedral angle ®J of the two boundary tetrahedra t eo , t ei at the triangle / sheared by them. The two tetrahedra 
t eo ,t ei belongs to different 4-simplicies a Vo ,a Vl , while the curvature from spin connection between a Vg ,a Vl are given 
by the pure boost part of 0/ (vi , vq) along the internal edges of the face /. This curvature is responsible to the dihedral 
angle between t eQ ,t ei . The dihedral boost between the normals of t eo ,t ei at the triangle / is given by the pure boost 
part of 

g(e ei /)- 1 %(e 1 ,eo)g(e eo /) = e^^e^e^"^ (5.46) 

The above transformation leaves the triangle geometry Et invariant in both case of e I7r ^™ e = ±1. We consider the 
unit normal of the tetrahedron t ea (viewed in its own frame) u 1 = (1, 0, 0, 0)*, parallel transported by G/(ei, eo) (from 
the frame of t eo to the frame of t ei ) 

Gf(e 1 ,e ) I J u J = e' d f K3 u=(coshtff,0,0,smhdf) t (5.47) 

Contract this equation with the unit normal u = (1, 0, 0, 0)' viewed in the frame of t ei , we obtain that for the dihedral 
angle 9^ 

coshGf = -u I G f (e l7 e ) I J u J = coshtff (5.48) 
which implies that 0? — ±fl? . By a generalization of the analysis in [13], we can conclude that 
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Lemma 5.1. The dihedral angle Q B at the triangle f relates to the parameter d B by 

Gf = s sgn(V 4 )tf/ 



(5.49) 



Proof: In the tetrahedra t ea andi ei , both pairs of the vectors Eg 1 (eo), Ee 2 (eo) and (ei), E( 2 (ei) are orthogonal 
to it = (1, 0, 0, 0)*. Thus at the vertex v, both Eg 1 (v) and Ei 2 (v) are orthogonal to 



F eo (v) = Gf(v,e ) > u F ei (v) = Gf(v,e x ) > u 
Thus both F eo (v) and F ei («) are future-pointing since Gf{v,e) G SL(2,C). Eq.(5.48) implies that 

\mjFl a {v) F eM = coshef. 

We define a dihedral boost from the dihedral angle <d B by 



(5.50) 



(5.51) 



£>(ei,e ) = cxp 



|9 



b I F eo (v) A F ei (v) 
fl \F eo (v)AF ei (v)\ 



exp 



qB U e (v)AU e ,(v) 



f \U e (v)AU e ,(v)\ 
where we have chosen the sign of the dihedral angle such that [13] 

If F e »AF e » = U e {v)AU e ,{v) . | QjJ | = _ qB 



(5.52) 



\F ei (v) A F eo (v)\ \U e (v) AU e ,(v)\ ' 
|F e »AF e »| |I7 c (t;) ALT e ,(T7)| 



I©/ 1 = 0] 



(5.53) 



with V!k(«)t/e(u) A J7e/(u) = G f (v,e ) > *E^(e ) A £^(e ). 

On the other hand, the boost generator K 3 can be related to the bivector X J e j = 27 j/ (n e / A it) 

if3 = -iA« = -g^ef)' 1 ® gfe/)" 1 ^/ A u) = -gfe/)- 1 ® g(6/) _1 ^7^/ 



(5.54) 



At the critical configuration the bivector X e f is given by Eq.(4.67), which results in that 

K 3 

where ^g* 1 ^*^ is the (unit) bivector corresponding to the triangule /. Therefore for the bivector at the vertex v 



B ft ft ^E^AEj. 



(5.55) 



U e (v)AU e >(v) *E tl (e )AE e2 (e ) 
- sgn(V4)G/(u,e ) t> 



\U e {v)AU e ,(v)\ b " ' Jy ' |^ 1 (e )A^ 2 (e )| 

= -sgn(V 4 ) e Gf(v 1 e )g^e f)K 3 g^ eof )~ 1 Gf(v 1 e a y 1 

Then we obtain the following expression of D(e\,eo): 

D{e u e ) = G f (v,e )g(^ of )e^ ss » We / %(W) _1 %(«> eo)- 1 - 

One can check that D(ei,eo) gives a dihedral boost from F eo (v) to F ei (v), i.e. 

D(e 1 ,e )F eo (v) = F ei (v) 



(5.56) 



(5.57) 



(5.58) 



If we represent the vector F e (v) by the 2x2 matrix F e = F^aj, we have F e (v) — Gf(v,e)Gf(v,ey , Eq.(5.58) can be 
expressed as 



D(ei,e )Gf(v, e )Gf(v, eo^-D^i, e ) t = G f (v, ei)G f {v, ei)t 



(5.59) 
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By using Eq.(5.57), we obtain that (J3 = — J3) 



G f (v,eo)g(Z eof )e- 2s s ^ e ? K *g(UrfG f (v, e ) t = G/(w, ei)G/(w, ei) t 
From the expression Eq.(5.43) of Gf(e%, eo) = Gf(v, ei)~ 1 G f(v, eo) in terms of t9^, we obtain 

G/Ceo, e 1 )G f (e , erf = fffeo/K 2 ^ * 3 s(U/) _1 
Combining Eqs.(5.60) and (5.61), we obtain 

e -2 £ S gn(V 4 )ef A' 3 = g-2f f A' 3 

which results in 



tff = e sgn(14)0 



(5.60) 

(5.61) 

(5.62) 

(5.63) 
□ 



The Eq.(5.43) is now related to the dihedral angle 

5(?e 1 /)- 1 G / (ei, eo )5(U/) = e £ ^^e" 2 '"'* 
Recall that in Spin-^ representation J = iff and if = ^cr, thus in Spin-^ representation: 

g(Ufr 1 G f (e 1 ,e )g(Ce af ) = e' e w^e^E.^ 
Insert this relation back into Eq.(5.37), 



St 



(»7 + l) 



e sgn(y 4 )6/ + i'tt 53 



eCp cie() 

= -is sgn(V4)7J/©/ ~ U/ 71 ' 53 Ue 

eCPe ieo 

Then the total boundary action ^boundary = ^boundary / S f- 



(t 7 - 1) 



e sgn(V 4 )0/ - wr 



53 n * 

eC Pei e 



'boundary = ~i E Sgn(V^) J3 W / ~ ^ 53 53 ne 

boundary / boundary / eCp ei e 



(5.64) 



(5.65) 



(5.66) 



(5.67) 



5.3 Spinfoam Amplitude at Nondegenerate Critical Configuration 

In this subsection we summarize our result and give spinfoam amplitude at a general nondegenerate critical configu- 
ration. First of all, we say a spin configuration jf is Regge-like, if with jf on each face the critical point equations 
Eqs.(2.35), (2.36), and (2.37) have nondegenerate solution (jf,g ve ,^ef, z vf)- For a non-Rcgge-like spin configuration 
jf, the critical point equations have no nondegenerate solutions. 

Given a Regge-like spin configuration jf and find a solution (jf, g vei £ e j, z v f) of the critical point equations, we 
construct the following variables as in Section 4: 

• A co-frame Ei(v), Ei(e) of the triangulation (bulk and boundary) can be constructed from the solution (jf, g ve , £ e f, z v f), 
unique up to a simultaneously sign flipping Ei — > —Ei within a 4-simplex, such that the Regge-like spin config- 
uration jf satisfies 

2^j f = \E tl (v)AE t2 (v)\. (5.68) 
From the co-frame we can construct a unique discrete metric on the whole triangulation (bulk and boundary) 

g ei t a («) = VuEl (v)E( 2 (v) g lll2 (e) = m jE^ (e)E i [ (e). (5.69) 
So jjf is the triangle area from the discrete metric gi^ 
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• For each dual edge e we specify a sign factor /i e = e l7r ™ c that equals 1 or —1 with n e equals or 1, such that 
the spinfoam group element g vv i (in the Spin-1 representation) is related to an SO(l,3) matrix Cl vv > by this sign 
factor, i.e. 

g vv , = e m ^ vv , (5.70) 

where ft vv > is compatible with the co-frame Ei(v), i.e. 

(tl vv ,) I J Ei(i/)=E}(v) (5.71) 

If sgn(V4(u)) = sgn{Vi(v')), Sl VV ' is the unique discrete spin connection compatible with the co-frame. In addition, 
we note that each /j, e is not invariant under the sign flipping Ei — > — E%, but the product JlecO/ ^ e ^ s invariant 
for any (internal or boundary) face / (see Lemma.4.1). 

• There is a global sign factor e that equals 1 or —1, to relate the bivectors Xf(v) in the bulk and X e f on the 
boundary to the co-frame: 



u 



i.j 



X 1 / (v)=e * \E tl (v) A E i2 (v)\ , X'J = e * \E tl (e) A E u (e)j . (5.72) 

If the triangulation K, has boundary, the global sign factor e = ±1 is specified by the orientation of the boundary 
triangulation, i.e. e = sgn(V3) for the boundary tetrahedra. 

Therefore a nondegenerate solution (jf,g V e>£ef,Zvf) of the spinfoam critical point equations specifies uniquely a set 
of variables {ge 1 e 2 , n e ,e), which include a discrete metric and two types of sign factors. 

The previous analysis shows that, given a general critical configuration (jf,gve,£ef->Zvf), we can divide the trian- 
gulation K, into sub-triangulations JCi, ■ ■ ■ , /C„, where each of the sub-triangulations is a triangulation with boundary, 
with a constant sgn(V4(u)). On each of the sub-triangulation ICi, the spinfoam action S evaluated at (Jf, g ve , £ e /, z v f)ic i 
is a function of the variables (gi 1 £ 2 ,n e ,s) and behaves mainly as a Regge action: 

S{9lll2T n e,£)\ K . = <S'intcrnal(6 , £i£2J n e,£) + ^boundary (<7^ 2 J n e, £) 

= -ie sgn(y 4 ) W / ~™ Y if Y Ue 

internal / internal / eC9/ 

-i e sgn(y 4 ) W 6 / _ in Y if Y ™ e 

boundary / boundary / eCdf 

= -is sgn(V 4 ) W / ~ 1 £ s § n ( V 4) Y W 9 / _ in Y Ue Y if ( 5J3 ) 

internal / boundary / e /Ct e 

where we note that the areas "fjf, deficit angles O/, and dihedral angles are uniquely determined by the discrete 
metric gi x i 2 - Moreover for each tetrahedron t, the sum of face spins Ylfctif 1S an integer. If the spins jf are integers, 
S/ct 3f then i s an even integer, so e~ 47r ^ e n "^fct c if — \ so t ne second term in the above formula doesn't contribute 
the exponential e ASint . For half-integer spins, e~ l7T ^ c n " ^fcu if = ±1 gives an overall sign factor. Therefore in general 
at a nondegenerate spinfoam configuration (jf,g V e)£ef) z vf) that solves the critical point equations, 



e^j^. = ± exp A 



-i e sgn(V 4 ) ^ 10f Q f ~ i £ s & n ( V ±) Y W 9 / 

internal / boundary / 



(5.74) 



There exists two ways to make the overall sign factor disappear: (1) only consider integer spins jf, or (2) modify the 
embedding from SU(2) unitary irreps to SL(2,C) unitary irreps by jf (pf,kf) :— (2-fjf,2jf), then the spinfoam 
action S is replaced by 2S. In these two cases the exponential e xs at the critical configuration is independent of the 
variable n e . 



- 32 - 



On the triangulation JC = Uf =1 JCi, e xs is given by a product over all the sub-triangulations: 

it 



.AS I 



-i e Sgn(V 4 ) ^ 7J/©/ - i £ sgn(y 4 ) ^ W 6 / ~ i7T E " e 51 3f 

internal / boundary / e f Ct e 



(5.75) 



Suppose the oriented 4-volumes are different between two sub-triangulation JCi and JCj sharing a boundary, the 
spinfoam amplitude at this critical configuration exhibits a transition between two different spacetime regions with 
different spacetime orientation. The spacetime orientation is not continuous on the boundary between K-i and JCj. 
We recall the difference between Einstein-Hilbert action and Palatini action 



C-eh = R e = sgndet(ef) *[e A e]/j A R IJ = sgndet(e: [)£ pi 



(5.76) 



where Ceh and C pi denote the Lagrangian densities of Einstein-Hilbert action and Palatini action respectively, and 
£ is a chosen volume form compatible with the metric g M „ = r/ije^e'l. Since the Regge action is a discretization of the 
Einstein-Hilbert action, we may consider the resulting action 



i e 



i=l 



sgn(V 4 



E 

internal / 



jjfQf + sg-a(V 4 



boundary / 



7J/0 



(5.77) 



Ki 



as a discretized Palatini action with on-shell connection, where the on-shell connection means that the discrete con- 
nection is the spin connection compatible with the co-frame. 

According to the properties of Regge geometry, given a collection of Regge-like areas jjf, the discrete metric 
g£ 1 i 2 {v) is uniquely determined at each vertex v. Furthermore since the areas jjt are Regge-like, There exists a 
discrete metric gi^ in the entire bulk of the triangulation, such that the neighboring 4-simplicies are consistently 
glued together, as we constructed previously. This discrete metric ge t e 2 is obviously unique by the uniqueness of 
gt.- L i 2 {v) at each vertex. Therefore given the partial-amplitude Aj f (K.) in Eq.(2.13) with a specified Regge-like jf, all 
the critical configurations (j f, g ve ,£,ef, z vf) of Aj,(JC) corresponds to the same discrete metric gz x i 2 , provided a Regge 
boundary data. The critical configurations from the same Regge-like jf is classified in the next section. 

As a result, given a Regge-like spin configurations jf and a Regge boundary data, the partial amplitude Aj,(JC) 
has the following asymptotics 

_ , . „ , ^-N(vJ) pi lndH'(x c ) 

A if WlNandeg ~ E < X ») 



x exp — iX 



n(x c ) 

E 

i=l 



£ sgn(l^t) 



y/\det r H'(x c )\ 



E w 6 / 

internal / 



i 



■ e sgn(V4 



E 7i/Of 

boundary / 



(5.78) 



where x c = (jf,gvei£ef>Zvf) labels the nondegenerate critical configurations, r(x c ) is the rank of the Hessian matrix 
at x c , and N(v, /) is the number of the pair (v, /) with v € df (recall Eq.(2.13), there is a factor of dim(j/) for each 
pair of (v, /)). a(x c ) is the evaluation of the integration measures at x c , which doesn't scale with A. Here 0/ and 
only depend on the metric g^^, which is uniquely determined by the Regge-like spin configuration jf and the Regge 
boundary data. Note that different critical configurations x c may have different subdivisions of the triangulation into 
sub-triangulations ICi(x c ), ■ ■ ■ , /C„( Xe ) (x c ). 



6 Parity Inversion 

We consider a tetrahedron t e associated with spins jf 1 , • • • , j/ 4 , we know that the set of four spinors ^ e f 1 , • • • , £ e / 4 ; 
modulo diagonal SU(2) gauge transformation, is equivalent to the shape of the tetrahedron, if the closure condition 
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is satisfied [26]. Given a nondegenerate critical configuration (Jf,g V e^efi z vf)t as we discussed previously, the Regge- 
like spin configuration jf determines a discrete metric ge 1 e 2 , which determines the shape of all the tetrahedra in the 
triangulation. At the critical configuration the closure condition of tetrahedron is always satisfied, so the spinors 
£ e fii ' ' ' >£e/ 4 for each tetrahedron are determined by the Regge-like spins jf, up to a diagonal SU(2) action on the 
spinors £ e /i> ' ' ' i£e/ 4 , which is a gauge transformation of the spinfoam action 9 . Therefore the gauge equivalence class 
of the critical configurations (jf,g ve , £e/> with the same Regge-like spins jf must have the same set of spinors £ e / • 
Thus with a given Regge-like spin configuration jf, the degrees of freedom of the nondegenerate critical configurations 
are the variables g ve and z v f. The degrees of freedom of g ve and z v f are factorized into the 4-simplices. Given the 
Regge-like spins jf and spinors £ e /, within each 4-simplex, the solutions of g ve and z v f from critical point equations 
are completely classified in [13], which are the two solutions related by a parity transformation. 

Given a nondegenerate critical configuration (jf, g ve , £ e f, z v f), it generates many other critical configurations 
Ufi9ve,€ef,Zvf) which are the solutions of the critical point equations Eqs.(2.35), (2.36), and (2.37). In at least one 
simplex or some 4-simplices a v 

gve = JgveJ = (gle) and \ = J > (6.1) 

\\Zvef\\ \\ Z ve'f\\ 

while in the other 4-simplices g ve — g ve and z v f = z v f. In [13], such a solution-generating map g ve i— > g ve and 
z v f i — ^ z v f is called a parity, because N e (v) = g ve > (1, 0, 0, 0)* and N e (v) = g ve > (1, 0, 0, 0)' are different by a parity 
inversion. The parity inversion between N e (v) and N e {y) can be shown by using the Hermitian matrix representation 
of the vectors V = V°l + V j aj, thus 

N e (v) = g ve gl = JgvfglfJ- 1 = JN e {v)J- 1 = N° e (v)l - N^v)^ (6.2) 

since JaJ^ 1 = —a. We denote the parity inversion in (M 4 ,^/,/) by P = diag(l, — 1, — 1, — 1) then we have N e (v) = 
PN e (v) in the simplices a v where g ve ^ g ve . 

Within a single 4-simplex there are in total 2 parity-related solutions of (g ve , z v f) in the nondegenereate case [13]. 
Therefore in a general simplicial complex with N simplices, given a Regge-like spin configuration jf, there are in total 
2 N nondegenerate critical configurations (j f, g V e,£,ef, z v f) that solve the critical point equations. Any two critical 
configurations are related by the parity transformation in one 4-simplex or many 4-simplices. 

We define the bivectors Xf(v) — g ve ® g ve \> X e f within the 4-simplices a v , where 

Xlj = 2jj f [fi e f A u] u= (1, 0, 0, 0)* (6.3) 
Consider the Hermitian matrix representation of n e /, the action g ve \> n e f is given by (note that J 2 = —1) 

g ve {n ef ■ 5)gl e = Jg ve J~ 1 (n e f ■ a)Jgl e J' 1 = -Jg ve (n ef ■ o)g\ e J~ x = -Vg ve (n ef ■ a)g\ e (6.4) 
while we have shown g ve \> u — P (g ve t> u) , thus we obtain that 

Xf(v) = -(P^P)X f (v) (6.5) 
Recall the construction in Section 4 and Eq.(4.2) 

X f (v) = a ee ,(v)N e {v) A N e ,(v) (6.6) 
Following the same argument towards Eq.(4.2), we obtain that for the bivectors and normals constructed from g ve 

Xf(v) = a ee >(v)N e (v) A N e *(v) => -(P O P)X f (v) = a ee ,(v)PN e (v) A PN e ,(v) (6.7) 



9 The SU(2) transformation i— > h e £ e f and g ve i— > g V eh e 1 (h e S SU(2)) is a gauge transformation of the spinfoam action S. 
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Then we have the relation 



&ee'(v) = —a ee /(v) and (3 ee > (v) = —0ee> («) (6-8) 

where /3 ee i(v) = a ee '(v)e ee '(v). Following the same procedure as in Section 4, we denote /3 eiej by /3jj and construct 
the closure condition for the 4-simplex a v 

5 

=0 (6.9) 

3=1 

by choosing the nonvanishing diagonal elements Pa. Since we have the closure condition Y2j=i fiijN ej (v) — 0, the parity 
inversion N e (v) = PN e (v), and Pij{v) = —j3ij{v) for i ^ j, we obtain that the diagonal elements j3a(v) — —ftu^v). 
Furthermore we can show that can be factorized in the same way as in Section 4 

fa(v) = Bgn$ jojo {v))h{v)k^) = PiM/yJ\PhiM\ (6-10) 

which results in that 

s Sa0j o j o {v)) = -sgn(P jojo (v)) and j3j(v) = ~Pj(v) (6.11) 

We construct the 4- volume for j3j(v)N ej (v) 

V±{v) := det ^ 2 {v)N e2 (v)J 3 (v)N es {v)Ji(v)N ei (v)J 5 (v)N es (v)) = -V±{v) (6.12) 

by the parity inversion. Since in Section. 4 we define the sign factor e(v) = sgn(/3j j (i/))sgn(V4(u)), then we have for 
the parity inversion 

e{v) = sga0 jojo (v))Bga(Vi(v)) = e(v) (6.13) 

Note that one should not confuse the e here with the e appeared in section 4. This result shows that the parity 
configuration (jf, g ve , £ e /, z v f) results in an identical global sign factor e for the bivector (recall the proof of Theorem 
4.2). 

The fact that the parity flips the sign of the oriented 4- volume, Vi(v) = —V^v), has some interesting consequences: 
First of all, we mentioned that given a set of Regge-like spins, different nondegenerate critical configurations x c = 
(jf, g ve , £ e /j z vf) may lead to different subdivisions of the triangulation K into sub-triangulation /Ci(x c ), • • • , fC n (xc) ( x c), 
where on each sub-triangulation sgn(V4(w)) is a constant. Now we understand that the difference of the subdivisions 
comes from a local parity transformation, which flips the sign of the oriented 4-volume. On the other hand, given a 
nondegenerate critical configuration x c — (jf,g V ei£efi z vf)i there exists another nondegenerate critical configuration 
x c = {jf, g ve , £ e f, z v f), naturally associated with x c , obtained by a global parity (parity transformation in all simplices) 
on the triangulation. The global parity flips the sign of the oriented volume V<i(v) everywhere, thus flip the sign of 
the spinfoam action at the nondegenerate critical configuration (the deficit angle, dihedral angle, and J^eca/ Ue are 
unchanged under the global parity, which is shown in the following), i.e. 10 

S(x c ) = -S(x c ) (6.14) 

if x c and related by a global parity transformation. 

Since the frame vectors U e (v) = ±^===^ are defined up to a sign, the frame U e (v) constructed from parity 
configuration relates U e (v) only by a parity inversion 

U e (v)=PU e (v) (6.15) 



°The sign in front of the term in n e ^2 /ct Of ls unimportant. 
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The same relation holds for the co- frame Ee.{v) 

E i {v)=PE l {v) (6.16) 

from the relation 

U?(v)El kei (v) = 5i-6{ (6.17) 

We then obtain the same relation relating the bivector and co-frame/frame as in Theorem 4.2 

X f (v) =eVi \u e (v) A U e >(v)\ and X f (v) = e * \e 1x (v) A E ia (v)\ (6.18) 

which is consistent because of the relations Xf(v) = — (P <S> P)Xf(v), U e (v) = PU e (v), Et(v) — PEt(v), Vi(v) = 
—Vi(v), and eijklP 1 mP J n^ p^ L q = ~ £ mnpq- Here we emphasize that the sign factor e for the parity configuration 
(jfi9ve>£ef>Zvf) is the same as the original configuration (jf,g V e,£,ef,z v f), thus is consistent with the fact that e is a 
global sign factor on the entire triangulation, i.e. the local/global parity inversion of the critical configuration doesn't 
change the global sign e. 

The local/global parity inversion Ei(v) = PEe(v) doesn't change the discrete metric gi^iv) — t\ijE\ (v)Ej (v), 
so the parity configuration (jf,g V ei€ef,Zvf) leads to the same discrete metric as (jf,gve,€ef,z v f), but gives an 0(1,3) 
gauge transformation (parity inversion) for the co-frame Eg{v). The S0(l,3) matrix Q vv i G S0(l,3) is uniquely 
compatible with the co-frame Ei{v) and is a discrete spin connection when sgn(V4(w)) = sgn(V4 (v')), as it was 
shown in Section 3. Given a nondegenerate critical configuration with a subdivision of the triangulation into sub- 
triangulations, in each of which sgn(V4(v)) is a constant, we consider a global parity transformation which doesn't 
change the subdivision but flip the signs of sgnlV^v)) in all sub-triangulations. Given a spin connection f2„„' with 
a v ,a v i are both in the same sub-triangulation, i.e. sgn(V4(v)) = sgn(V4(u')), the spin connection Ct vv > G S0(l,3) after 
a parity transformation in both a v , a v > is given by 

n vv , = pn vv ,p (6.i9) 

since fl vv > is uniquely determined by 

n vv ,E e (v') = E e (v) fct e , e = (v, v') (6.20) 
On the other hand we can check from 

9 = JgJ- 1 g(-&)g* = P > gSg^ (6.21) 

that given a 4-vector V 1 

gPiV 1 ^)^ = P(gV I a I g^) i.e. gPV = PgV in Spin-1 representation (6.22) 

Let V = Ei(v'), using g vv > = (j, e £L vv >, 

g vv >E e (v') = g vv ,PE e (v') = Pg vv ,E e (v') = ^ e PE t {v) = ^ e E e (v) (6.23) 

Therefore we obtain from g vv i = fl e Q, vv / that the sign /x e is invariant under the parity transformation: 

Me = Me (6.24) 

when e is a internal edge. In case t e is a boundary tetrahedron, the parity transformation changes the co-frame 
Ei(v) i — ^ Ei(v) — PE((v) at the vertex v, while leaves the boundary co-frame E#(e) invariant. Therefore the spin 
connection Q ve G SO (1,3) is uniquely determined by 

n ve Et(e) = E t (v) £ct e , (6.25) 



- 36 - 



Before the parity transformation, Q ve Ei(e) = E({v) determines uniquely the spin connection £l ve . Then the relation 
between £l ve and fl ve is given by 

& ve = Pfl e T where T = diag(-l, 1, 1, 1) (6.26) 

by the fact that the co-frame vectors Eg(e) are orthogonal to (1,0,0,0)' and both il e and Sl e belong to SO(l,3). 
Here the matrix T is a time-reversal in the Minkowski space, which leaves Egie) invariant. Given a spatial vector V 1 
orthogonal to (1,0,0,0)' 

giV'ai)^ = -Pg(V l ai)g ] i.e. gV = -PgV in Spin-1 representation (6.27) 

Let V — Ee(e), using g ve = \x e £l ve in Spin-1 representation 

g ve E e (e) = -Pg ve E t {e) = -fi e PE e {v) = -fi e E e (v) (6.28) 

Therefore we obtain from g ve Ei(e) = Jjb e Ei{v) that 

fx e = -ji e (6.29) 

for an edge connecting to the boundary. A boundary triangle is shared by exactly two boundary tetrahedra, in the 
dual language, a boundary face has exactly two edges connecting to the boundary. Thus the product Ilec<9/ ^ e ^ s 
invariant under the parity transformaiton, i.e. 

II Me = II (6-30) 

eCdf eCdf 

for either a boundary face or an internal face. If we write fi e = e l7Tn " and p, e — e l7vn ' , then we have 

} n e = y n e (6.31) 

eCdf eCdf 

We consider tlf(v) a loop holonomy of the spin connection along the boundary of an internal face /, based at the 
vertex v, which is constructed from a global parity configuration (jf,g V e,£,ef,z v f) with g ve ^ g ve at all the vertices. 
It is different from the original ^lf(v) by 

Q f (v) =PCl f (v)P (6.32) 

From Eq.(5.22), f2/(i>) can be expressed in terms of the co-frame vectors E^{v),E^ 2 {v) for the edges £1,^2 of the 
triangle / 



,E ( WAE, („) B| (.)AB, (,) 



From the previous results sgn^) = — sgn(V4), n e = ri e and the relation P <E> P(*E\ A E2) = — * PE\ A PE2, 
we obtain that 

©/ - ©/ (6-34) 

which is consistent with the fact that the deficit angle Of is determined by the metric g£ 1 e 2 which is invariant under 
the parity transformation. 

For the holonomy f2/(ei, eo) for a boundary face /, under a global parity 

n / (ei s eo) = Tn / (e 1 ,e )T (6.35) 
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Recall Eq.(5.45), we have for both f2/(ei,eo) and Qf(ei,eo) 



g(£. ei f) fi/(ei,e )5(feo/) 
ff(Ce 1 /)' 1 %(ei,e )g(^ eo/ ) 



(6.36) 



Since T commutes with G SU(2) and Tif 3 T 



i^3, T J3T = J3, we obtain that 




(6.37) 



and consistent with the fact that the dihedral angle Qj is determined by the metric ge 1 e 2 which is invariant under the 
parity transformation. 

Before we come to the next section, we emphasize that given a Regge-like spin configuration jf, there exists 
only two nondegenerate critical configurations (j / , g^ e , £ e / , z°f) such that the oriented 4- volume has a constant sign 
on the triangulation, i.e. sgn(V4(w)) is a constant for all a v . The existence can be shown in the following way: 
given a nondegenerate critical configuration (jf,g V e,£ef,Zvf)-> it determines a subdivision of the triangulation into 
sub-triangulations JC±,--- ,IC n , where on each /Q, sgniV^v)) is a constant, but sgn(V4(v)) is not a constant for 
neighboring K4 and K-j. However we can always make a parity transformation for all the simplices within some sub- 
triangulations, to flip the sign of the oriented 4-volume, such that sgn(V5t(w)) is a constant on the entire triangulation. 
Any two nondegenerate solutions (jf,g V e, £,ef, %vf) are related by a (local) parity tranformation, which flips the sign of 
Vi(v) at least locally. There exists two nondegenerate critical configurations (j/, g£ e , £ e /, ^/) such that the oriented 
4-volume has a constant sign on the entire triangulation, while the two configurations are related by a global parity 
transformation. If there was another nondegenerate critical configurations such that the oriented 4-volume has a 
constant sign on the entire triangulation, it must relate the existed two configurations by a local parity transformation, 
which flips sgn(V4(w)) only locally thus breaks the constancy of sgn(V4(i>)). 

7 Asymptotics of Degenerate Amplitudes 
7.1 Degenerate Critical Configurations 

The previous discussions of the critical configuration and asymptotic formula are under the nondegenerate assumption: 



where N e (v) = g V e(l, 0, 0, 0)*, i.e. any four of the five normal vectors N e (v) form a linearly independent set and span 
the 4-dimensional Minkowski space. 

Now we consider a degenerate critical configuration (jf,g V e,£,ef, z vf) that solves the critical equations Eqs.(2.35), 
(2.36), and (2.37), but violates the above nondegenerate assumption at all vertices on a triangulation (with boundary), 
if we assume the nondegeneracy of the tetrahedra, i.e. given a tetrahedron t e , the 4 vectors h e f obtained from 
the spinors £ e / span a 3-dimensional subspace, then the Lemma 3 in the first reference of [13] shows that within 
each 4-simplex, all five normals N e (v) from the degenerate critical configuration (j/, <JW; £ e /) are parallel and 
more precisely N e (v) = u = (1,0, 0, 0) 11 . By definition N e (v) = g ve (l, 0, 0, 0)*, we find that all the group variables 
g ve G SU(2) for a degenerate critical configuration (jf,g V e,£ef,Zvf)- For the bivectors *Xf(v), they are all orthogonal 
to the same unit vector u — (1, 0, 0, 0). 

From *Xf(v) ■ u — 0, we can write the bivector Xt{v) — Vf(v) A u for a vector Vf(v) orthogonal to u. The vector 
Vf(v) can be determined by the parallel transportation Xf(v) — g ve X e fg ev and X e f = 2jjffi e f A u, thus 



5 



n 




(7.1) 



ei,e2,e 3 ,e 4 = l 



V f (e) = 2^j f h e f V f (v) = 2jj f g ve n ef 



(7.2) 



11 



Recall that we have fixed g V e 5 = 1 to make the vertex amplitude finite. 
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The above relation doesn't depend on the choice of e (recall Proposition 2.1). From the closure condition Eq.(2.37), 
we have 



5>e/(«)Vf(u) = (7.3) 

fCt e 

Therefore a degenerate critical configuration (jf, g ve , £ e y) assign uniquely a spatial vector Vf(v)l.u at the vertex v for 
each triangle /, satisfying the closure condition Eq.(7.3). The collection of the vectors Vt(v) is referred as a vector 
geometry in [13]. 

Since g ev G SU(2) in the degenerate critical configuration (jf,g V e,^ef), we have immediately jpp^|j = 1- Then 
for each face action Sf (internal face or boundary face) 

Sf = 2irfjf ln l^TT - 2i -if E ^ = - 2l 3 J E ( 7 - 4 ) 

In the same way as we did for the nondegenerate amplitude, we make use of Eqs.(2.35) and (2.36), which now take 
the following forms 

g ve (J£,ef) = e~ % ^g ve i (J&f) 

g V e£,ef = e^"""' g ve ^ e > f (7.5) 

First of all, for a internal face /, we again consider the successive actions on of g e ' V g ve around the entire boundary 
of the face /, 

JJ g e 'vgveJ£,ef = e~'^" J£ e / 

vedf 

I] de'vgUef = e +l £ e/ (7.6) 

vedf 

where g ve G SU(2). In the same way as we did for the nondegenerate case, the above equations imply that for the 
loop holonomy G/(e) = f[vedf9e'vgve, 



Gf(e) = exp 



vedf 



(7.7) 



For a boundary face /, again in the same way as we did for the nondegenerate case, we obtain 

G f (e 1 ,e )=g(Z eif ) e*^ g (^ of )-\ (7.8) 

We then need to determine the physical interpretation of the angle X^ea/ ^e»e' m different cases. 

Recall the degenerate critical equations Eq.(7.5) together with the closure condtion Eq.(2.37), we find they are 
essentially the same as the critical equations in [21] for a Euclidean spinfoam amplitude: 

4 

= E £ ef(v) Jf n ef (7.9) 

fCte 

where the equations for self-dual or anti-self-dual sector are essentially the same, and both of them are the same as 
the above degenerate critical equation for Lorentzian amplitude. Therefore given a degenerate critical configuration 
(jf,g V e,£,ef,z v f) for the Lorentzian amplitude, there exists a critical configuration (j/, <7„ e) £ e /) for the Euclidean 
amplitude in [21], such that g ve = In the following, we classify the degenerate Lorentzian critical configurations 
into two type (type A and type B) and discuss the uniqueness of the corresponding Euclidean critical configurations: 
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Type-A configuration: A degenerate Lorentzian critical configuration (j g ve ,£, e f, z vf) corresponds to an Euclidean 
critical configuration (jf,g^ e ,£, e f), which is nondegenerate at each 4-simplex a v of the triangulation, i.e. any 
four of the five normals N e (v) = (gt e i9Ze) ^ (1; 0,0,0)* span a 4-dimensional vector space. Since the Euclidean 
spins jf and spinors £ e / are uniquely specified by the Lorentzian configuration (jf,g V e, £e/, z vf), we only need to 
consider how many solutions (gtei9ve) m Eq.(7.9) if the variables jf and £ e / are fixed. It is shown in [13] that 
for a 4-simplex a v , there are only two solutions in the nondegenerate case 12 

(fl^eiflW) = (9le,9ve) and fatei 9ve) = die) (7-10) 

Then the correspondence g ve = g+ e fix uniquely a solution (g^ e ,gy e ) for the Euclidean critical configuration 

Uf,9ve^ef)- 

Type-A configuration: The degenerate Lorentzian critical configuration (j f, g ve ,£ e f, z vf) could always correspond 
to a degenerate Euclidean critical configuration (jf,g^ e ,^ e f) with g+ e = g~ e by (g+ e ,g~ e ) = (g ve ,9ve), even the 
data jf and £ e f can have two nondegenerate solutions as above. Then in this case, we alway make the above 
nondegenerate choice as the canonical choice. 

Type-B configuration: The data jf and £ e / in a degenerate Lorentzian critical configuration (jf,g V e, £,ef, z v f) lead 
to only one Euclidean solutions (g V e,gve) € SO(4) for Eq.(7.9) in each 4-simplex a v . Then the Euclidean 
configuration (jf,g^ e ,£,ef) is degenerate in a v in the sense of [13]. Then obviously the correspondence is unique 
by g ve >-» (g ve ,9ve)- 

7.2 Type-A Degenerate Critical Configuration: Euclidean Geometry 

First of all, we consider a type A degenerate Lorentzian critical configuration (jf, g ve , £ e f, z v f) on the triangulation 
(with boundary). The corresponding Euclidean critical configuration 0/, <7„ e , £ e /) is nondegenerate everywhere. We 
can construct a nondegenerate discrete Euclidean geometry on the triangulation such that (see [21], see also [19]) 

• An Euclidean co-tetrad Ee(v), Eg(e) of the triangulation (bulk and boundary) can be constructed from (jf, g^ e , £e/), 
unique up to a sign fliping Eg — > —Eg, such that the spins jf satisfies 

2 1 j f = \E ll (v)hE t M\- (7-H) 

From the co-tetrad we can construct a unique discrete metric with Euclidean signature on the whole triangulation 
(bulk and boundary) 

% lt2 (v) = SjjEl (v)Ef 2 (v) % A (e) = SuEl (e)Ef 2 (e). (7.12) 
So jjf is the triangle area from the discrete metric E gz 1 z 2 - 

• For the bivectors in the bulk, 

3f{9te,9ve){nef,h e f) = e*E ei (v)AEg 2 (v) (7.13) 

For the bivector on the boundary 

j f (n e f,n e f)=e*E £l (e)AEz 2 (e) (7.14) 

where e is a global sign on the entire triangulation. If the triangulation has boundary, the sign factor e is specified 
by the orientation of the boundary triangulation, i.e. e — sgn(Va) for the boundary tetrahedra. 

12 The notion of nondegenercy here is different from the notion in [13]. In the Lemma 4 of the first reference of [13], there are 4 solutions 
in a 4-simplex (gj e ,<7^ e ), (s? e i9ie)> (sie'9ije)> (9ve'9ve) f° r * ne nondegenerate case (in the sense of [13]). However the two solutions 
(9ve' 9ve)> (9vei9ve) are degenerate in our notion of degeneracy. 
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• The S0(4) group variable (g£,g e ) equals to the Euclidean spin connection E il e compatible with Eg(v), up to a 
sign /i e = e l7m = (n e = 0, 1), i.e. 

(gt,g-)=v e E n e (7.15) 

in the Spin-1 representation. Here E \l e £ SO(4) is compatible with the co-frame Ee(v), Eg(e) 

{ E VL vv ,) I J Ei{v')=El{v) and { E ft ve ) I J E][{e)=E I t (v) (7.16) 

If agD.(Vi(v)) = sgn(V4(f ')), Q vv i is the unique discrete spin connection compatible with the co-frame. In addition, 
we note that each /i e is not invariant under the sign flipping E( — > —Eg, but the product Ilecd/ ^ e ^ s invariant 
for any (internal or boundary) face / (see Lemma.4.1). 

Therefore in this way, a type-A degnerate Lorentzian critical configuration determines uniquely a triple of (Euclidean) 
variables ( E ge 1 e 2 ,n e ,e) corresponding to a Euclidean Geometry and two types of sign factors. 

Given a nondegenerate Euclidean critical configuration (jf, g~,, £ e /) ; in the same way as the nondegenerate 
Lorentzian critical configuration, it determines a subdivision of the triangulation into sub-triangulations (with bound- 
aries) /Ci, • • • ,/C„, on each of the sub-triangulation, the sign of the oriented 4-volume sgn(V4(u)) is a constant. 

Now we discuss the spinfoam amplitude at a Type-A degenerate configuration, while we restrict our attention into 
a sub-triangulation /C, where sg\i(Vi(v)) is a constant. For a internal face /, it is shown in [21] that the loop holonomy 
along the boundary of / is given by 

(G~j(e), GJ (e)J = (e^ e ^(Vi) E Qf+^T. c n s ]s-n cf ^ e -£[e s g n(v 4 ) E e f -TvJ2 c «.]™e/j (7-17) 

where E Qf is the deficit angle from the Euclidean spin connection compatible with the metric E gi x i 2 - By the above 
identification g ve = g+ e between the degenerate Lorentzian critical configuration (jf, g ve , £ e f, z v f) and a nondegenerate 
Euclidean critical configuration (jf,g^ e ,£, e f)- We obtain that for the degenerate Lorentzian critical configuration, the 



loop holonomy G/(e) = Gt(e). Comparing with Eq.(7.7), 



vedf 



e sgn(y 4 ) E e/ 



(7.18) 



Therefore the angle X^e<9/ 'Peve' has the physical meaning as a deficit angle in a corresponding Euclidean geometry. 
Then the face action (as a function of ( E g^ 2 ,n e) e)) reads 

Sf( E gi 1 e 2 ,n e ,e) = -ie sgn(y 4 ) j f E @f - in^riejf (7.19) 

e 

for a internal face /. 

For a boundary face /, we have the path holonomy along its internal boundary p eieo is given by 
(G+(e 1 ,e ),Gj(e 1 

= (g{Uf) ^ s ^)M+^»^3 g(^ of )-\g^ eif ) e -l[* ^(V^Sf-n^n^ g^-lj (7 . 20 ) 

where E Qf is the dihedral angle (determined by the metric E gi 1 i 2 ) between two boundary tetrahedra t eo ,t ei at the 
triangle / shared by them. The degenerate Lorentzian critical configuration G j(ei, eo) is identify with Gj (ei, eo) here. 
Comparing to Eq.(7.8) we obtain that 



y ] 4>eve' — 2 



e 

Therefore the face action Sf for a boundary face / is given by 



(7.21) 



S f ( E g eii2 ,n e ,e) = -ie sgn(V 4 ) j f E Qf - inj^^jf- (7.22) 
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As a result, at a type- A degenerate critical configuration (restricted to a sub-triangulation /Q), the Lorentzian 
spinfoam action S is a function of the variables ( E ge 1 e 2 1 n e, e) and behaves mainly as an Euclidean Regge action: 



Y S f ( E gt xt2 ,n e ,e)+ Y S f ( E g txt2 ,n e ,e) 

f internal / boundary 

-* e sgn(v 4 ) Y jf EQ f - ie s § n (^) E i/^/- <ff E n «Ej/ 

internal / boundary / e fCt e 



(7.23) 



where we note that the areas 7j/, deficit angles B 0/, and dihedral angles are uniquely determined by the discrete 
metric gt x e 2 . Moreover for each tetrahedron t, the sum of face spins X)/ct jf ^ s an integer. For half-integer spins, 
e -"r£) e «« S/cte J V = ±1 gives an overall sign factor. Therefore in general at a type-A degenerate critical configuration 
(jf,gve>£ef) z vf) for Lorentzian amplitude, 



Ki 



± exp A 



-i £ sgn(I4) 



E 

internal / 



j f E Q f - 1 £ s g n(T/ 4 ) Y Jf E& f 

boundary / 



(7.24) 



K.i 



Again there exists two ways to make the overall sign factor disappear: (1) only consider integer spins jf, or (2) modify 
the embedding from SU(2) unitary irreps to SL(2, C) unitary irreps by jf H ► (pf, kf) := (2'yjt, 2jf), then the spinfoam 
action S is replaced by 2S. In these two cases the exponential e xs at the critical configuration is independent of the 
variable n e . 

According to the properties of Euclidean Regge geometry, given a collection of (Euclidean) Regge- like areas jjf, 
the discrete Euclidean metric E gt 1 t 2 (v) is uniquely determined at each vertex v. Furthermore since the areas jjf 
are Regge-like, There exists a discrete Euclidean metric E gi 1 t 2 in the entire bulk of the triangulation, such that the 
neighboring 4-simplicies are consistently glued together, as we constructed in [21]. This discrete metric E gi 1 i 2 is 
obviously unique by the uniqueness of gi x i 2 (v). Therefore given the partial-amplitude Aj f (JC) in Eq.(2.13) with a 
specified Euclidean Regge-like jf, all the degenerate critical configurations (jf, g ve , £ e /, z v f) of type-A corresponds to 
the same discrete Euclidean metric E gi 1 i 2 , provided a Regge boundary data. Any two type-A critical configurations 
(i/) SWi £e/ 7 z v f) = (jf, g^ e , £ e /) with the same jf are related by local or global parity transformation in the Euclidean 
theory, see [21], similar to the Lorentzian nondegenerate case. 

As a result, given an Euclidean Regge-like spin configurations jf and a Regge boundary data, the degenerate 
critical configurations of type-A give the following asymptotics 



A„(IC)\ n 



cg-A 



a(x c ) 



n(x c ) 

x Y[ ex p~ 



2tt 

T 
-iX 



ilndH'(x c ) 



V|det r H'(x c )\ 
.-^nlV,) > I jf E Q f + e sgn(V 4 ) 



•<) E .... ■ - ^ ^ 

internal / boundary / 



• Er\B 



n Y nc 



E 3 J 

feu 



(7.25) 

K.i(x c ) 



where x c = (jf,g ve , £ e /, z v f) = (jf,g^ e , £ e /) labels the degenerate critical configurations of type-A, r(x c ) is the rank of 
the Hessian matrix at x c , and N(v, f) is the number of the pair (v, /) with v £ df (recall Eq.(2.13), there is a factor 
of dhn(jf) for each pair of (v, /)). a(x c ) is the evaluation of the integration measures at x c , which doesn't scale with 
A. Here E Qf and E Q^ only depend on the Euclidean metric E gi 1 i 2 , which is uniquely determined by the Euclidean 
Regge-like spin configuration jf and the Regge boundary data. 

7.3 Type-B Degenerate Critical Configuration: Vector Geometry 

Given a type-B degenerate Lorentzian critical configuration (jf,gve,£,ef, z v f), the data £ e / lead to only one Euclidean 
solution (g ve ,g V e) & SU(2) x SU(2) for Eq.(7.9) in each 4-simplex a v . Then the Euclidean configuration (j / , g^ e , £ e /) 
is degenerate in a v in the sense of [13]. Therefore there is no nondegenerate geometric interpretation of a type-B 
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degenerate Lorentzian critical configuration {jf, g ve , £ e y , z v A. It can only be interpreted as a vector geometry in terms 
of Vf(v), Vf(e) on the triangulation (bulk and boundary), where all the vectors Vf(v), V/(e) are orthogonal to the unit 
time-like vector u — (1,0,0,0)*, and |Vf(u)| = |V/(e)| = 2jjf. The vectors Vf(v),Vf(e) are uniquely determined by 
jf and £ e f by V/(e) = 2jjfh e f and Vf(v) = 2'jjf g ve n e f, since the group variable g ve is uniquely determined by £ e /- 
We have the parallel transportation using the Spin- 1 representation of g ve 



m > > V f (v') = V f (v) and g ve > V>(e) = V>(«) 



(7.26) 



for all triangles / in the tetrahedron t e (shared by v, v' if not a boundary tetrahedron). Then the unique group variables 
gw',gve € SU(2) are said to be compatible with the vector geometry Vf(v),Vf(e). Therefore a type-B degenerate 
Lorentzian critical configuration (Jf,g V e,£ef) determine uniquely a vector geometry Vf(v), Vf(e). Conversely, given a 
vector geometry Vf(v),Vf(e), it uniquely determine the SU(2) group variables g ve up to a sign e 47me , due to the 2-to-l 
correspondence between SU(2) and SO(3). 

Since we have shown from the critical point equations that 



G/(e) = e <£>„.^-<W Gf (e 1> e ) = g(Z eif ) e * g(^ of )-\ 



(7.27) 



the above SU(2) angle Y] v 4> eV e' is determined uniquely by the group variables g ve (which is uniquely compatible with 
the vector geometry Vf(v), Vf(e) up to a sign e 1 ^ 11 ") 



E 

vedf 



>>eve' = + tt ^ n e and ^ (j) eve , = + tt ^ 



n e (7.28) 

eCdf v£p slC0 eCPejeo 

respectively for a internal face and a boundary face, where the SO (3) angle $/ is uniquely determined by the vector 
geometry Vf only (the factor | shows the relation between an SU(2) angle and SO(3) angle). Therefore for the face 
action (internal face and boundary face) 

Sf(V f ,n e ) = i jf&f - 2iir ^ n e j f and S f (V f ,n e ) = i j f $f - 2iw ^ n e j f (7.29) 

eCdf eCdf 

As a result, at a type-B degenerate critical configuration, the Lorentzian spinfoam action S is a function of the 
variables (Vf,n e ): 



S(V f , n e ) = -i 3f*f " 1 E 3f®f " 27Ti E " e E 3 J 

internal / boundary / ^ddf /Ci e 



(7.30) 



Moreover for each tetrahedron t, the sum of face spins ^2f Ct jf is an integer. Therefore in general at a type-B 
degenerate critical configuration {jf,g V e,^ef: z vf) for Lorentzian amplitude, e xs is a function of vector geometry Vf 
only: 



= exp A 



internal / boundary / 



(7.31) 



where the area jjf = ||V/| and the angle $/ is uniquely determined by the vector geometry Vf. 

As a result, given an spin configurations jf and a boundary data that admit a vector geometry on the triangulation, 
the degenerate critical configurations of type-B give the following asymptotics 



A jf (IC)\ 



Dcg-B 



x exp A 



2tt 



-N(vJ) e iIndH'(x c ) 



y/\dct r H'{3 



• E 3f$f~i 3f$f 

internal / boundary / 



(7.32) 



where x c = (jf,g V e>£ef,Zvf) labels the degenerate critical configurations of type-B. Note that if we make a suitable 
gauge fixing for the boundary data, we can always set $f = [13]. 
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8 Transition between Lorentzian, Euclidean and Vector Geometry 



All the previous analysis assume that on the entire triangulation, the critical configuration (jf,g V ei^efi z vf) is one of 
the three types: nondegenerate, degenerate of type-A or degenerate of type-B. However they are not the most general 
case. In principle one should admit the critical configuration that mixes the three types on the triangulation: Given a 
most general critical configuration (jf-,g ve , £ e / ; z vf) that mixes the three types, one can always make a partition of the 
triangulation into three regions (maybe disconnected regions) 72-Nondeg, 72-Dcg-A, 7^-Dcg-B- Each of the three regions TZ*, 
* = Nondeg, Deg-A, Deg-B is a triangulation with boundary, on which the critical configuration (jf,g ve i £e/ ; z vf)n, is 
of single type * = Nondeg, Deg-A, Deg-B. See FIG. 2 for an illustration. 



Type-A Degenerate 
(Euclidean) 



Non-Degenerate 

(Lorentzian) 



Type-B Degenerate 
(Vector Geometry) 



Figure 2. A generic critical configuration with both nondegenerate and degenerate configurations. The critical configuration 
is non-degenerate in the white region, thus corresponds to a non-degenerate Lorentzian discrete geometry. The critical config- 
uration is degenerate in type-A in the black region, thus corresponds to a non-degenerate Euclidean discrete geometry. The 
critical configuration is degenerate in type-B in the blue region, thus corresponds to a vector geometry. All the three regions 
are the triangulations with boundaries. 



Therefore for a generic spin configuration jf, the asymptotics of the partial amplitude AjAfC) is given by 



A is (£) ~ Y a ( Xc ) 



2- 



^-NivJ) e i\ndH'(x a ) 



l + o 



Aj f CR-Nondeg) Aj f (R.r>eg-A)Aj f (72-Dog-B) (8.1) 



where x c labels the general critical configuration (j/, <jw ; £e/, z v f) admitted by the spin configuration jf and boundary 
data, and (jf,g V e,£,ef,z v f) determines the regions 72.*, * = Nondeg, Deg-A, Deg-B such that (j /, g ve ,£,ef, z vf)n, is of 
single type. The amplitudes Aj.(TZNondeg)>AjJlZr )eg ,A),Aj f (1Zx>eg-B) are given respectively by 

n(x c ) 

e sgn(V 4 ) Y 7i/©/ +£ sgn(\Z 4 ) Y W 9 / + n Y n <^ Y 3f 



Nondeg) 



1 [ exp — i\ 



internal / 



boundary / 



fct e 



n {x c ) 

Aj f (7iT>eg-A) = Yl ex P~*^ 



£ sgn(y 4 ) J/ £ ©/+esgn(F 4 ) £ j f E &f + n ]T n e £ j f 

internal / boundary / e /Ct e 



Aj f (TlT>eg-B) = exp-iX 



Y Y j/ $ 



internal / 



boundary / 



^Nondeg^^Xc) 
^Dog-A,^j(^ C ) 

(8.2) 



'R-Deg-B 

As we discussed previously, given a general critical configuration (jf,g V e,£ef,Zvf)-> the regions 72-Nondcg and 72-Deg-A 
should be respectively divided into sub-triangulations /Ci, • • • ,K, n ^ Xc ) and K.' x ,--- ,K.' n t x y such that in each 7Q or /C£, 
sgn(y 4 ) is a constant. 

Interestingly, from Eq.(8.1) we find an transition between a nondegenerate Lorentzian geometry and a nondegen- 
erate Euclidean geometry through the boundary shared by 72-Nondeg and 72-Dcg-A- In TS-Nondcg the asymptotics gives a 
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Regge action in Lorentzian signature (plus an additional term): 

SWondcg = ~i £ sgn(V r 4 ) A f Qf -i e sga(V 4 ) £ A f Qf - — £n e £ A f (8.3) 

internal / boundary / ^ e /Cte 

where we set the physical area Af = jjf (in Planck unit) . In 7?-Dcg-A the asymptotics gives a Euclidean Regge action 
divided by the Barbero-Immirzi parameter (plus an additional term) 

SDc g -A = -- e sgn(y 4 ) ]T A f E O f - s S gn( Vi ) ]T A f E E - ^ £ n e £ A f (8.4) 

internal / boundary / e /Cte 

In the case of a single simplex, this asymptotics has been presented in [13]. One might expect the transition be- 
tween Lorentzian and Euclidean geometry is a quantum tunneling effect. But surprisingly in the large-j regime 
g^Dog A j s n0 £ damping exponentially but oscillatory. Similarly there is also a transition between a nondegenerate 
Lorentzian/Euclidean geometry and a vector geometry through the boundary of 7?-Deg-B, and in the region 7?.Deg-B, 
the asymptotics give 

"^Dcg-B — ~ £ Af$ f - % - A f®f ( 8 - 5 ) 

internal / boundary / 

Thus e SDog B is also oscillatory and gives nontrivial transition in the large-j regime. However there are some specialities 
for the phases e SDoE A , e SDcs - B . These phases oscillates much more violently than the Regge action part in e SNondt!E 
when the Barbero-Immirzi parameter 7 is small, unless E Qf, E Of , $/, $j are all vanishing 13 . We expect that when 
we take into account the sum over spins j/, the violently oscillating phases e SDog - A and e SDoE B may only have relatively 
small contribution to the total amplitude A(K.) = Y^j Aj(JC), as is suggested by the the Riemann-Lebesgue lemma 14 . 
But surely the nontrivial transition between different types of geometries is a interesting phenomena exhibiting in the 
semiclassical analysis of Lorentzian spinfoam amplitude, thus requires further investigation and clarification. 



9 Conclusion and Discussion 

The present work studies the large-j asymptotics of the Lorentzian EPRL spinfoam amplitude on a 4d simplicial 
complex with an arbitrary number of simplices. The asymptotics of the spinfoam amplitude is determined by the 
critical configurations of the spinfoam action. Here we show that, given a critical configuration (jf,g V e,£,ef,z v f) in 
general, there exists a partition of the simplicial complex JC into three types of regions 7?.Nondeg, 7^-Dcg-A, 7^-Dcg-B, where 
the three regions are simplicial sub-complexes with boundaries. The critical configuration implies different types of 
geometries in different types of regions, i.e. (1) the critical configuration restricted into 7?-Nondcg implies a nondegenerate 
discrete Lorentzian geometry in T^Nondcg- (2) the critical configuration restricted into 7?.Dog-A is degenerate of type- A 
in our definition of degeneracy, but implies a nondegenerate discrete Euclidean geometry in 7?-Dcg-A, (3) the critical 
configuration restricted into 7?-Dcg-B is degenerate of type-B, and implies a vector geometry in 7?-Deg-B- 

With the critical configuration (jf,g V e,£ef,z v f), we further make a subdivision of the regions 7?-Nondeg and 7?.Deg-A 
into sub-complexes (with boundary) fCi(TZ t ), ■ ■ ■ ,fC n (TZ t ) (*=Nondeg,Deg-A) according to their Lorentzian/Euclidean 
oriented 4-volume V^v) of the 4-simplices, such that sgn(T4(w)) is a constant sign on each /Cj(7£«). Then in the each 
sub-complex /w(7?.Nondeg) or /Cj(7?.Deg-A) , the spinfoam amplitude at the critical configuration gives an exponential 
of Regge action in Lorentzian or Euclidean signature respectively. However we should note that the Regge action 

13 The term — n e ^Z/ct,, Af m both ■SWondeg an d Sbeg-A ma y need special treatment by imposing the boundary semiclassical state 
carefully. 

14 The Riemann-Lebesgue lemma states that for all complex L 1 -function f(x) on R, 

/ f(x)e lax dx = as a -> ±00. (8.6) 
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reproduced here contains a sign prefactor sgn(V4(v)) related to the oriented 4- volume of the 4-simplices. Therefore 
the Regge action reproduced here is actually a discretized Palatini action with on-shell connection. 

Finally the asymptotic formula of the spinfoam amplitude is given by a sum of the amplitudes evaluated at all 
possible critical configurations, which are the products of the amplitudes associated to different type of geometries. 

The present work gives explicitly the critical configurations of the spinfoam amplitude and their geometrical 
interpretations. However we didn't answer the question such as whether or not the nondegenerate critical configurations 
are dominating the large-j asymptotic behavior, although we expect the Lorentzian nondegenerate configurations are 
dominating when the Barbero-Immirzi parameter 7 is small. To answer this question in general requires a detailed 
investigation about the rank of the Hessian matrix in general circumstances. In the appendix, we compute the Hessian 
matrix of the spinfoam action. However we leave the detailed study about its rank to the future research. 

In this work we show that given a Regge-like spin configuration jf on the simplicial complex, the critical con- 
figurations (jf,gve,£,ef,z v f) with the Regge-like jf are nondegenerate, and there is a unique critical configuration 
(jf>9ve)£ef> z Zf) with the oriented 4- volume V^v) > (or Vi{v) < 0) everywhere. We can regard the critical config- 
uration (j f> 9ve'£efi z vf) w ith V4(w) > as a classical background geometry, and define the perturbation theory with 
the background field method. Thus with the background field method, the n-point functions in spinfoam formulation 
should be investigated as a generalization of [27] to the context with arbitrary simplicial complex, which is a research 
undergoing. 
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10 Appendix A: Hessian Matrix 

In this section we compute the Hessian matrix of the spinfoam action 

S f = S vf = V* (jf In z vef) 2 (Z ve ,f,£, e/f ) 2 + _ ^ (Z ve ,f,Z ve ,f) \ ^ Q 

~^ Z^ f \ (Z vef ,Z ve f) (Z ve ,f,Z ve , f ) (Z vef ,Z vef ) J 

First of all, we compute the double variation S^^^^^^S, by use 6^ e f = ^>ef{J£,ef) + i'ne}£,ef for complex infinitesimal 
parameter oj e f £ C and rj e f G M. We see immediately from the variation in Eq.(2.27) that 5^5^, S — if e 7^ e'. 
Then for the double variation (5| S for the same £ e / 

x 2 o - x ( Jief {£ef,Z ve f) S( ef {Z v > e f,£ef) 



2J/ 



{£ef,Z ve f) (Z v > e f,£ e f) 



(£ e f,Z vef ) 2 (£ e f,Z vef ) 
<% e/ (Z v > ef ,£ e f) S^ ef (Z v , ef ,£ ef ) <5| e/ (Z v > e f,£ e f) \ 
{Zv'ef^eff (Zv>ef,£,ef) J 



(10.2) 

where we use the relation for double variation S(X^ 1 SX) = —X~ 2 (SX) 2 + X~ 1 5 2 X. We compute the above double 
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variation term by term, by using the following relations: 



hef (£e/, Zvef) = W (J£ e f, Z ve f) ~ IT) (£ e f,Z ve f) 

^£<s/ (J£ef, Zvef) = (£ef,Z ve f) + %T\ (J£ e f j ^ue/) 

<5fL/ (£ef,Z ve f) — &6£ ef (J£ e f,Z ve f) —irj8^ ef (£ e f,Z ve f) 

= ~U)UJ (£ e f,Z ve f) - rj 2 (£ e f,Z vef ) 

(Z V 'ef,€ef) = W {Z v ' e f,J£ e f) + IT] {Z v > e f , £ e f) 

hef { Z v'ef,J£ef) = -ti{Z v > e f,€ef) -iv{ Z v'ef,J€ef) 

5? (Z v > e f,£ e f) = ujS icf (Z vte f,J£ ef ) +ir)5^ f {Z v > e f,^ e j) 



-UJUJ (Z v > e f, £ e /) - V (Zv'ef, £,ef) 



Then each term in the above S 2 can be computed 



(£.ef,Z ve f) 2 (£, e f,Z ve f) 2 

_ {J£ef,Z vef } + 2ir]ui(J^ ef ,Z vef ) + ^ 2 

(£e/,Z Ue /) 2 (£ e f,Z ve f) 

S hf ^ e /' ^ e /^ . (£e/, -Z„ e /) ~ ?? 2 (tj e f,Z ve f) _~ UJ _ 2 

(Cef,Z ve f) (£ e f,Z ve f) 

S 6ef (Z v , ef) £ e/ ) S Sef (Z v , ef , f e/ ) J ^ e /) 2 + ^' e /' J ^ e /) ( Z v'ef^ef) ~ (Z v , e f, £ e/ ) 2 ) 

(Zv'ef, ^ef) (Zv'ef^ef) 2 



U? (Z v ' e f, J£ e f) 2ir)LJ (Z v r e f, J£ e f) ^ 2 



<*xi e/ ( Z v'ef,£ef) 



(Z v , e}l t] e} ) 2 {Z v > e f,£ e f) 

ujid-T] 2 (10.3) 



(Z v 'ef,£ef) 

Therefore 5| S 1 is obtained explicitly 

ui 2 (J£, ef ,Z vef ) 2 2ii]U) (Jtlef, Z vef ) u? {Z v , e f,Jt] e f) 2 2ii]ui (Z v , ef , J£ ef ) 



(£ e f,Z vef ) 2 (tef,Z ve f) {Z v , ef ,tlef) 2 (Zv'ef, ^.ef) 



2louj 



Because of Eq.(2.19), at the critical configuration Z ve f ~ £ e /. Therefore by using the relation (J£ e /,£e/) — 0, we 
obtain the result 

S 2 ei S = -AjfuCd (10.4) 

which means that the H u .q. components of the Hessian matrix are the only nonvanishing components in the Hessian 
submatrix respect to the spinorial variables £ e /, and 



(10.5) 



Secondly we compute the double variation with respect to both the spinorial variabe £ e / and the group variable 
g ve , where 5 gvc := 9/<30|j|g„ e _ o with the parametrization g' ve = g ve e Sl J^ at a critical configuration g ve 



S 5 ( S = jfS (2 ^" f ^ ef,Zvef ^ + 2 %/ (Zv'ef, £ef) \ 
" ' 9V " \ (€ef,Z ve f) (Zv'ef, tef) J 



2 - I 6 gvA£.ef,Z ve f) S(. F j (£,ef,Z mf ) Sg va $Sef (£ef,Z ve f) \ (10 Q) 

Jf \ (tef,Z vef f ^ (teftZvef) 
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We use the following relations: 



S gve (€ef,Zvef) = (Cef , Z ve f) 
Sgvehcf (£ef,Z ve f) = LJ (J£ef,J* Z vef) ~ ir] (<£ef , J Z ve f) 



Thus using Eq.(2.19) we have 

S a,A.j S = 2 3f 



(tjef , J 1 'Z ve f) (g (Jtjef, Zyej) ~ »? (Zef, Zvef)) 
(£e/i Z ve f) 2 
& (J£ef, J^Zyef) - irj (£ e f,J^Z ve f) 



2J/ 

2J/ 



(€ef,Z ve f) 

iv(€ef,J^Z vef ) u}(J£ ef ,jiZ ve f) - ir)(£ e f,jiZ ve f) 



\ (£ef,Z ve f) 

Q(Jte f ,Jit ef ) 



(£,ef, Z V ef) 



(Ce/,Ce/) 

where explicitly for ( J£ e /, a l ^ e f), £ = (£o>£i) we have 



~2^i 



(Jtef,*%f) = 

(JZ ef ,a% f ) =-($-&) 
However there are also nonvanishing components 5g v , e 8^ Bf S with e = (v, v'). Similarly we obtain 

Thus the nonvanishing components of the Hessian matrix are 



Ho 



2j f (j( ef ,J^ef) and He vUUaf = H Wef g v , e = 2j f (j^ ef , J£ ef ). 



Next we compute the double variation 5 Zv ,S^ e ,S. Here z v f is a CP 1 variable so 6z v f — e v fJz v f 
S Zvf S ief S = Jf S Zvf ( 2 6 *'!&': Z ™f ) + 2^ <^"'*"> 



2i/ 



(£,ef,Z V ef) {Z v 'ef,£,ef) 
S Zvf (£ef,Z ve f) S( ef (£ e f,Z ve f) S Zvf 6 S<!f (£ e f,Z ve f) 



(10.7) 



(10.8) 



(10.9) 



(10.10) 



(10.11) 



(£ e f,Z ve f) (€ef,Z ve f) J 

We use the following relations: 

fiz*f (£ef,Z ve f) = £ (Ce f,glJz vf ) (10.12) 
tizvfhef (tef,Z ve f) = u)5 Zvl (J£ e f,Z ve f) —ir}S Xvf (£ ef ,Z V ef) 

= uie(J£ e f,gl e Jz vf ) - ir)£(£ ef ,gl e Jz v f) (10.13) 

Using Eq.(2.19) we have at a critical configuration: 

e(€ef,9teJZvf) {J£ef, Zvef) ~ if) (tef, Z ve f)) , W£ (j£ e f , g\ e J Z v f) - ir\E (£ e / i g\e^ z vf) 



= 2j f 



(£e/> Z ve f) 2 

u!e(J£ ef ,gl e Jz vf ) _ o ,_ / _ i _ 2l0 



(£ e f,Z ve f) 



= 2jfUjee l0c " (g V eJief,gveJ£,ef) 



\£,ef,Z ve f) 

Similar we also have for e = (v,v') that 

S z v >f S £ejS = 2jfU>£e~ 2l ' t '^ (g V eJ£ef,gveJZef) 



(10.14) 



(10.15) 
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Then the nonvanishing components of the Hessian matrix are 



He v , fUef = Hw ef e v , f = 2j / e~ 2l '* <! " {g V eJief,9veJief) 

Note that in the degenerate case g ve G SU(2) 

H^vfUef | deg = Hu> ef e vf | dog = 2j/e 2 * H Sv , fUef | deg = H UefSv , f | dcg = 2j/e 2 * . 

For the double variations S Zvf S z ^, f ,S, it is obvious that the nonvanishing components are S Zvf S 

9 = j J /q ^ z "/ ^ e /' ^g/) _|_ o ^ z "/ ( Z '"e'fiS,e'f) _ 5 Zvf {Z ve f, Z ve f) _ 4 v/ (Z ve > f , Z ve > f) \ 

Zvf \ (£ e f,Z ve f) (Z ve > f , £ e > f) (Z ve f,Z ve f) (Z ve > f , Z ve > f) J 

£ / $z vf {Zve'f>Zve'f) S Zvf (Z ve f, Z ve f)\ 
" \ (Zve'f, Zve'f) (Zvef, Zvef) ) 

In the following we compute S Zvf S v f term by term: 

\^ef,Z ve f) 

2S 5 Zvf (Z ve , h jdf) 

V} (Zve'f, £e'f) 



= -2eee- 4 ^'^ ( fft)e , f ,g v Ae> ff - 2ee 



-t* J z % {Zve y Zve x f) = K"" (9ve^f,g ve J^f)+ee' 2 ^ (g V eJLf,g ve L s )) 2 

2ee -2ee{gi e g ve J£ ef ,gi e g ve J£ ef ) 

-Sz J Z ^ Zve ' f : Zv \ f) = (ee 2 ^'" (gve^e'f,gve'J^e'f)+Se- 2i ^ (g ve , f , 9ve , & j))' 

lee - 2ee ^gl e ,g ve 'JL'f,9te'9ve'JL'f 
We obtain explicitly the expression of 5 Zvf S v j 

& 2 z vf Svf = 3f 2 £ £ (gve£ef,gveJtief) (gveJ^ef , flw£e/) + 2e£ (flW'£ e '/ , 9v e> J£e' f) (9ve'J£e'f, 9ve'€e'f) 



(10.16) 



(10.17) 



-2££ (gte9veJ£ef,gi e 9veJ£ef) ~ ^ES (gl e ,9ve> J£e' f '^L'SW J£e> f 



+ijjf^2ee(gl e g ve J^ e f,gl e g ve J^ ef ) - 2ee (gl e ,g V e'J£,e'f,gl el gve'J£,e'f 
Therefore we obtain the nonvanishing components of the Hessian matrix 



(10.18) 



H Svf s vS = Hg vf e vf = 2jf ^ (9ve^ef,gveJ^ef) (g ve J^ef , 9ue£e/) + (flw£e'/ 


,gve'J£e'f) (gve'J(,e'f 


i 9ve'^,e' f) 


- {gle9veJ£,ef,gle9veJ£,ef) ~ ( 


gle'9ve'J£e'f,gt e ,gve 




+ 2i "fjf ^ (gie9veJ£,ef,gi e 9veJ£,ef) - ( 


g\ e >gve'J£,e'f,g\ e >gve 





Note that in the degenerate case g ve G SU(2) 



Hsvievf Ideg ~ HevfZvf Ideg — 



(10.19) 
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For the double variation S gvc S Zvf S we have 



S 9,Jz vf S V f = jf ^2Sg ve 5ZV ^ 



&z v j \€ef, Zvef) r 5 Zvf (Z ve f, Z ve f) 

"I 



Zvef) 



(Z ve f, Z ve f) 



5z vf (Zvef , Z ve f) 
(Zvef Zvef) 



(10.20) 



which can be computed term by term: 



(10.21) 



^H^^r - (9ve^ef,9veJ^ef) <&/ , J^ef > + ^ef,J^te9ve^ef) 

\t,ef, ^vef) 

S g J ZV /y Zve y Zv l f) = - (9veief,9veJ^ef)+ee~ 2 ^ (g ve J^f , Qvetef)) ((J^ef , tef) + (tef , J^ef)) 

[■6 ve f, ^vef) 

+se 2 ^ {j^ef,gle9veJtef)+ee- 2 ^(j^gl e gveJtef,tef) 

+ee 2 ^^ef,J f 9te9veMef)+ee- 2 ^ (gt e 9veJlief,jHef) 

Thus we have explicitly 

S gve S Zvf S vf = 2 Jf [se 2i ^ ( 9v eLf,9veJtef) (tef , J^ef) + (£ ef , J^L^e^e/)] 

-(1 + ij)jf - (ee 2 ^ ( 9 veief,gveJief) + Se~ 2 ^ (g ve J£ e f , g ve tief)) ((J^ef , tef) + (Sef,jHef)) 

+ee 2 ^ (j^ef,gl9veJ^ef)+ee- 2 ^(j^glgveJ(ef^ef) 

+ee 2 ^(Cef,J f gl9veMef)+ee- 2 ^ (gt e gveJlief,jHef) 



(10.22) 



Therefore we obtain the components of the Hessian matrix: 



Hg ve£v) = H evf g ve = 2jf [-e 2i ^ (gve^ef,gveJ^ef) (tef,J^ef) + ^ {tef ^ gleQveHef)] 



-{l + ii)jf 



(gvetef,9veJtef) {(jHef^ef) + (tef , J^ef)) 



He ve e vf = Hg vf e v 



-( l + il)jf 



+e 2 ^ (jHef,9te9veJLf)+e 2l ^^ef,J^9le9veJ^ef) 
- Se- 2 ^ (g V eJLf,9veief) ((J^ef , Zef) + (tef , J^ef)) 



+e- 2i ^(jigl e g V eJZef,Zef) + e~ 2i ^ {gl e 9veJ^f , Jkef) 



while in the degenerate case 



He ve s vf | dog — H £njf g vc | dog 



2j/e 2 ^" (Hef,J^Hef) 



-(l + ij)jf 



He,, 



■ e vf I deg 



e 2 ^ {J^ef, JZef) + e 2 ^'(£ e/ , Jlj&f) 



e~ 21 ^ (J f j£ef,tief) + e- 2 ^ (j£ ef , J^ef) 



(10.23) 
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However there are nonvanishing components of Hessian matrix from Sg vB ,S Zv .S v f 

x x c ■ ( n ? <W ( Z ve'f, €e>f) - $x vf (Zve'f,Z ve >f}\ . . S Zvf (Z ve > f, Z ve ' f) 

6g vel 8 Zvf S V f = Jf 28g ve , — — -— Sg^, —f- r— + IJJfSg^, 



(Z ve 'f,£ e 'f) V ° (Z ve i f , Z ve : f) ) ve (Z ve > f , Z ve > f) 

= 2j f [-ee~ 2i ^ (g vel J&f,g ve 't[e>f) (jHe>f,&f) d-ee" 2 ^'- (j*gt e ,g V e'J&f,&f) 

-(1 - ii)3t ~ (ee 2i *°'« (gvAefrfvsJ&f) (g ve/ J^ f ,g ve ,^ f )) {(ji&f,& f ) + (&f,J*te>f)) 
+ee 2 ^ (jHe>f,gl,gve>Jtie>f) + ee~ 2i ^ (Ji gl, g ve , J ^ / , & /) 

+ee 2i ^(e e , f ,jigl,g ve ,J!; elf )+ee- 2i 'f>^ (g^g^J^f^Ceff) d"-^) 
Therefore we obtain the components of the Hessian matrix: 



H, 



-(! - h)jf 



e 2 ^'" (gve'Zef,gve>JZe>f) ((j^e'f^e'f) + (te> f , J* te> f)) 



+e 2^„ (jiZ e , f) gl e ,g ve ,JZ elf )+e 2i ^(t e , f ,jigl e ,g ve ,J& f ) 
2j f [-e~ 2 ^'- (g ve ,J& f ,g v Ae'f) (Jt&f&f) + e' 2i ^ (j^gt e ,g ve 'J^f,^f 

-(1 - i 7 )j f - e~ 2 ^ { 9ve/ J&f,g v Ae>f) {(jHe'f,&f) + (Ze>f,jHe'f)) 
+e- 2i <t>e'«(jtgl,g ve ,JZ e , f ,Z e , f ) + e- 2 ^'" (gl,g ve >Jte>f,JHe'f) 



while in the degenerate case: 



H, 



/Idcg H Svf 9 vt ,/ | deg 



-(! - 



(10.25) 



Finally the nonvanishing Hessian components Hg^^g^^ are computed in [13] 



fl2 



-5 lj + hl f n J ef + ie ijk n k f 



H 



rb 



H 



br 



1 f n 3 ef + is^ k n k ef 



H r eU e = 2(1 + i 7 ) E J'/ (-^ + ^/ + *-- " " 



where r and b label respectively the rotation and boost parts of the generators. 
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